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1. 1��1o�K´7�K,2l1Ê�1��K¥?À 3K,KÒ�W\

þ¡�L¥ (õÀÃ�).

2. ¤k�KÑL�3IO�K�þ,�3�Áò½Ù§�þþÃ�.

3. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

4. X�K�xØ
,��3���¡,¿I²KÒ.

�! (�K 20©,z�K 5©)W�K
�©

µ�<
1. � Ω : (x − 2)2 + (y − 3)2 + (z − 4)2 6 1, KÈ©∫∫∫

Ω

(x2 + 2y2 + 3z2) dxdydz = 1424π
15

.

2. � xn =
n∑
k=1

ek
2

k
, yn =

∫ n

0

ex
2

dx,K lim
n→∞

xn
yn

= 2 .

3. Ý




1 0 1 0 0

0 1 0 1 0

0 0 1 0 1

0 0 0 1 0

0 0 0 0 1


� JordanIO.�


1 1

1 1

1

1 1

1

 .

4. � A � 2021 �é¡Ý
, A �z�1þ� 1, 2, . . . , 2021 ���ü�. K A �,

trA = 1011× 2021 .
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�!(�K 15 ©) �½ yOz ²¡þ�� C : y =
�©

µ�<

√
3 + cos θ, z = 1 + sin θ (θ ∈ [0, 2π]).

1. ¦ C 7 z¶^=¤����¡ S �Ûª�§.

2. � z0 > 0,±M(0, 0, z0)�º:�ü�I¡ S1Ú S2��

º���� π/3,�þ��¡ S �� (z^1�Ñ��¡��),¦ z0 Ú S1, S2 �Ûª

�§.

)))���. 1. d yOz²¡�� C �ëê�§��ëê θ��

C :

(y −
√

3)2 + (z − 1)2 = 1,

x = 0,

dd��7 z¶^=¼���¡ S ��§

(±
√
x2 + y2 −

√
3)2 + (z − 1)2 = 1,

z{��

S : (x2 + y2 + (z − 1)2 + 2)2 = 12(x2 + y2).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

2. P� C ��%�I� O′(0,
√

3, 1), M ��I� (0, 0, t), M �� C �ü��

:�I©O� A,B,Kdü��I�º���� π
3
�� ∠O′MA = ∠O′MB =

π
6
,?ÏL)n�/�� t = 0½ t = 2.

'

� t = 0�,�M(0, 0, 0),d��:�I� A(0,
√

3
2
, 3

2
), B(0,

√
3, 0),I¡ S1�1

�=���MA,Ù�§� L1 :

x = 0,

√
3y − z = 0,

S1 =� L1 7 z ¶¤�^=

2
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¡§Ù�§� S1 : z =

√
3(x2 + y2) .I¡ S2 �1�=���MB,Ù�§�

L2 :

x = 0,

z = 0,

S2=� L27 z¶¤�^=¡§Ù�§� S2 : z = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (11©)
z 

2.0 .
M

1.5 

1.0 

0.5 

30° 

。

0.5 1.0 1.5 2.0 2.5 
y

’

� t = 2�,�M(0, 0, 2),d��:�I� A(0,
√

3
2
, 1

2
), B(0,

√
3, 2),ü^1��

�§©O�

L′1 :

x = 0,

√
3y + z − 2 = 0

Ú L′2 :

x = 0,

z = 2.

éA�I¡�§�

S ′1 : z = 2−
√

3(x2 + y2) Ú S ′2 : z = 2.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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n!(�K 15©) � n�E�
 A1, . . . , A2n þ�q
�©

µ�<

ué�
, CnL«E n���þ�m. y²µ

1. Cn = kerAk ⊕ ImAk. ùp kerAk = {α|Akα = 0, α ∈

Cn}, ImAk = {Akβ|β ∈ Cn} (k = 1, . . . , 2n).

2. eé¤k� k < j �k AkAj = 0 (k, j = 1, 2, . . . , 2n),K A1, . . . , A2n¥��k n�

Ý
�"Ý
.

yyy²²². d Ak �Eé�z��§�3�_Ý
 Pk = (p
(k)
1 , · · · , p(k)

n )¦�

AkPk = diag (λ
(k)
1 , · · · , λ(k)

n )Pk.

Ø�� p
(k)
1 , · · · , p(k)

t �'uA�� 0 �A��þ§p
(k)
t+1, · · · , p

(k)
n �'u

A��λ 6= 0 �A��þ. u´, kerAk = span {p(k)
1 , · · · , p(k)

t }, ImAk =

span {p(k)
t+1, · · · , p

(k)
n }. ùpe Ak Ø± 0 �A���, kerAk = 0. ¯¢þ§

e dim kerAk > t, KA�� 0 ��êê > t, gñ. lk kerAk =

span {p(k)
1 , · · · , p(k)

t }.

,��¡§∀ y ∈ Cn, y��¤ y = a1p
(k)
1 +· · ·+anp(k)

n ,(JAy = at+1λ
(k)
t+1p

(k)
t+1+

· · · + anλ
(k)
n p(k)

n ∈ span {p(k)
t+1, · · · , p(k)

n }. lk ImAk = span {p(k)
t+1, · · · , p

(k)
n }.

�k Cn = kerAk ⊕ ImAk.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

yd^� A1A2 = 0� ImA2 ⊆ kerA1,?k

Cn = (kerA1 ∩ kerA2)⊕ ImA2 ⊕ ImA1.

¯¢þ, d Cn = kerA2 ⊕ ImA2 ��§ ∀u ∈ kerA1, u = u1 + u2, Ù¥

u1 ∈ kerA2, u2 ∈ ImA2. qd ImA2 ⊆ kerA1 � u1 = (u − u2) ∈ kerA2 ∩

kerA1. (J kerA1 k�Ú©)µkerA1 = (kerA2 ∩ kerA1) ⊕ ImA2, u´

Cn = (kerA1 ∩ kerA2)⊕ ImA2 ⊕ ImA1.

|^ A1A3 = 0, A2A3 = 09 Cn = kerA3 ⊕ ImA3,Ecãé kerA1?1©)

�L§q��

kerA2 ∩ kerA1 = (kerA3 ∩ kerA2 ∩ kerA1)⊕ ImA3,

4



6
¶

:
O
�
y
Ò

:
¤
3
�
�

:
�
|
Ò

:
�
 
Ò

:
;
�

:

���

����
µ
�

�
K
�
Ø
�
�
L
d
�

���

���
lk

Cn = (kerA1 ∩ kerA2 ∩ kerA3)⊕ ImA3 ⊕ ImA2 ⊕ ImA1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

��k

Cn = (kerA1 ∩ · · · ∩ kerA2n)⊕ ImA1 ⊕ · · · ⊕ ImA2n.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

ü>��ê�

n = dim (kerA1 ∩ · · · ∩ kerA2n) + rankA1 + · · ·+ rankA2n.

Ïd rankA1, . . . , rankA2n ¥��k n�� 0§= A1, . . . , A2n ¥��k n�

Ý
�"Ý
. y.. 2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

5



o! (�K 20©) ¡¢¼ê f ÷v^� (P ):e f 3
�©

µ�<

[0, 1]þ�KëY, f(1) > f(0) = 0,
∫ 1

0

1

f(x)
dx = +∞,�é

?Û x1, x2 ∈ [0, 1]¤á f
(x1 + x2

2

)
>
f(x1) + f(x2)

2
.

1. - c > 0,éu f1(x) = cxÚ f2(x) =
√
x,©O�y f1, f2´Ä÷v^� (P ),¿O�

lim
x→0+

(
f1(x)− xf ′1(x))mef

′
1(x)Ú lim

x→0+

(
f2(x)− xf ′2(x))mef

′
2(x).

2. y²: ∀m > 1,�3÷v^� (P )�¼ê f ±9ªu"��ê� {xn},¦� f 3z

�: xn��,� lim
n→+∞

(
f(xn)− xnf ′(xn))mef

′(xn) = +∞.

)))���. ·��Ñ,5¿� f(x)− xf ′(x) = −x2
(f(x)

x

)′
éO��g�´kÃ�.

1. ´� f1, f2Ñ3 [0, 1]þ�KëY, f1(1) > f1(0) = 0, f2(1) > f2(0) = 0.

éu x > 0, f ′1(x) = c, f ′′1 (x) = 0, f ′2(x) = 1
2
x−1/2, f ′′2 (x) = −1

4
x−3/2.

Ïd, f1, f2þ´ [0, 1]þ�]¼ê. du
∫ 1

0
1

f1(x)
dx = +∞,

∫ 1

0
1

f2(x)
dx < +∞,

¤± f1÷v^� (P ) f2Ø÷v^� (P ).

,��¡, f1(x)− xf ′1(x) ≡ 0,Ïd, lim
x→0+

(
f1(x)− xf ′1(x))mef

′
1(x) = 0.

 lim
x→0+

(
f2(x)− xf ′2(x))mef

′
2(x) = lim

x→0+

(√x
2

)me
1

2
√
x = +∞.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

2. l 1�(J��J«,·�^aq¼ê
√
x� cx�¼ê5�E���~f.

5¿�éu (0, 1]¥î�üNeü¿ªu"�:� {an},�¼ê f �ã��

�gë� (an,
√
an)�ò�� f(0) = 0�,^� (P )¤á.

u´,·��±}ÁÏéù��� {an}±9 xn ∈ (an+1, an)±÷vK8�

�¦.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

äN/,� a0 = 1, xn ∈ (an+1, an)�½. ·��Ñ f �L�ªXe:

f(x) =


√
an+1 + kn(x− an+1), x ∈ (an+1, an];n > 0,

0, x = 0,

Ù¥ kn =

√
an −

√
an+1

an − an+1

=
1

√
an +

√
an+1

.

6
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5¿� ∫ an

an+1

1

f(x)
dx =

1

2kn
ln

an
an+1

>
√
an
2

ln
an
an+1

,

� an+1 = ane
− 2

n
√
an ,=k 0 < an+1 < an,�

∫ an

an+1

1

f(x)
dx >

1

n
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

,��¡,3 (an+1an)S, f ′(x) = kn > 1
2
√
an

,

f(x)− xf ′(x) =

√
an
√
an+1√

an +
√
an+1

>
√
ane

− 1
n
√
an

2
.

Ïd,?� xn ∈ (an+1, an),þk

lim
n→+∞

(
f(xn)− xnf ′(xn))mef

′(xn) > lim
n→+∞

(√ane− 1
n
√
an

2

)m
e

1
2
√
an = +∞.

Ïd, lim
n→+∞

(
f(xn)− xnf ′(xn))mef

′(xn) = +∞. 2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)
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Ê!(�K 10 ©) � {fn(x)}n>1 ´ R þ�ÿ¼ê
�©

µ�<

�§ f 2
n, f

2 ∈ L(R) (∀n ≥ 1),�éL−a.e. x ∈ R, lim
n→∞

fn(x) =

f(x). e lim
n→∞

∫
R
|fn(x)|2 dm =

∫
R
|f(x)|2 dm,K

lim
n→∞

∫
R
|fn(x)− f(x)|2 dm = 0.

yyy²²². Ï� f 2 ∈ L(R)§¤± ∀ ε > 0§∃nε9 δ > 0¦�∫
R\[−nε,nε]

|f(x)|2 dm < ε,

�é?Û�ÿ8 E ⊆ R§�mE < δ�§k∫
E

|f(x)|2 dm < ε.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

q fn(x) → f(x) (n → ∞)L − a.e. x ∈ R. d�JìÅ½n, �3�ÿf8

Eε ⊆ [−nε, nε]¦�mEε < δ, {fn(x)}n≥13 [−nε, nε] \ Eεþ��Âñ� f(x).

- E1 = [−nε, nε] \ −Eε,k∫
E1

|fn(x)− f(x)|2 dm→ 0, n→∞,

� ∫
E1

|fn(x)|2 dm→
∫
E1

|f(x)|2 dm, n→∞.

¯¢þ, fn(x) → f(x) (n → ∞, x ∈ E1, mE1 < ∞),K ∀ ε > 0, ∃N > 1, ∀n ≥

N ±9 x ∈ E1,¤á |fn(x) → f(x)| < ε§
∫
E1
|fn(x) − f(x)|2 dm ≤ ε2 ·mE1§

�

lim
n→∞

∫
E1

|fn(x)− f(x)|2 dm = 0.

q ∣∣∣( ∫
E1

|fn(x)|2 dm
) 1

2 −
(∫

E1

|f(x)|2 dm
) 1

2
∣∣∣ ≤ (∫

E1

|fn(x)− f(x)|2 dm
) 1

2
,

�

lim
n→∞

∫
E1

|fn(x)|2 dm =

∫
E1

|f(x)|2 dm.

8
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

qÏ�

lim
n→∞

∫
R
|fn(x)|2 dm =

∫
R
|f(x)|2 dm,

l

lim
n→∞

∫
Ec

1

|fn(x)|2 dm =

∫
Ec

1

|f(x)|2 dm.

5¿� Ec
1 =

(
R \ [−nε, nε]

)⋃
Eε, mEε < δ§�

lim
n→∞

∫
|fn(x)− f(x)|2 dm

≤ lim
n→∞

∫
E1

|fn(x)− f(x)|2 dm+ 2 lim
n→∞

∫
Ec

1

|fn(x)|2 dm

+2

∫
Ec

1

|f(x)|2 dm < 8ε.

d ε�?¿5§� lim
n→∞

∫
|fn(x)− f(x)|2 dm = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

{{{ II.P f0 = f . db�,á=��
{∫

R
f 2
n(x) dm

}
n>0

k.. � S �§���þ

.. ?� g ∈ L2(R),·��y

lim
n→∞

∫
R
fn(x)g(x) dm = lim

n→∞

∫
R
fn(x)g(x) dm. (1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3©)

k- g ∈ Cc(R),Ù¥ Cc(R)L« Rþk;|8�ëY¼ê�N.?� A > 0±

9M > 0¦� supp g ⊆ [−A,A]. P E ≡ EA = [−A,A],K

mE(|fn| > M) 6
1

M2

∫
E

|fn(x)|2 dm 6
S

M2
.

u´ ∣∣∣ ∫
E

fn(x)g(x) dm−
∫
E

f(x)g(x) dm
∣∣∣

6
2S

M
‖g‖∞ +

∣∣∣ ∫
E

gf̃n,M dm−
∫
E

gf̃0,M dm
∣∣∣,

9



Ù¥

f̃n,M(x) =


fn(x), |fn(x)| 6M,

M, fn(x) > M,

−M, fn(x) < −M.

5¿� f̃n,M → f0,M(x), a.e. x ∈ R,(Ü��Âñ½n,·�k

lim
n→∞

∣∣∣ ∫
E

fn(x)g(x) dm−
∫
E

f(x)g(x) dm
∣∣∣ 6 2S

M
‖g‖∞.

u´dM > 0�?¿5��

lim
n→∞

∫
E

fn(x)g(x) dm =

∫
E

f(x)g(x) dm.

5¿� supp g ⊆ [−A,A],= (1)éu g ∈ Cc(R)¤á.

d Cc(R)3 L2(R)¥�È�5��é?Û g ∈ L2(R), (1)¤á.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

����

lim
n→∞

∫
R
|fn(x)− f(x)|2 dm = lim

n→∞

∫
R

(
f 2
n(x) + f 2(x)− 2fn(x)f(x)

)
dm

=

∫
R

(
f 2(x) + f 2(x)− 2f(x)f(x)

)
dm = 0.

2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

10
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��� 8!(�K 10©) �¼ê� {fn(z)}3«� Gþ)
�©

µ�<

Û,�3 G¥S4��Âñu¼ê f(z). y²µ

1. e f(z) Øð�"§l ´ G S�¦��{ü4�§Ù

SÜáu G,�Ø²Lf(z)�":. K�3��êN ,¦��

n > N �§3 l�SÜ fn(z)Ú f(z)k�Ó�ê�":¶

2. e {fn(z)}3«� GS�´ü��§f(z)Ø�~ê,K f(z)3 GSü�)Û.

yyy²²². 1. dWeierstrass½n§f(z)3 GS)Û.Ï f(z)3 lþØ�",¤±

min
z∈l
|f(z)| = m > 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

q {fn(z)} 3 l þ��Âñ� f(z), �3��ê N , ¦�� n > N �, 3 l þ

k|fn(z) − f(z)| < m, =� n > N �, 3 l þk |fn(z) − f(z)| < |f(z)|. d

Rouche½n§3 l�SÜ§fn(z)Ú f(z)k�Ó�ê�":.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

2. �y{. e f(z) 3 G SØ´ü��§@o3 G S���3ü: z1 Ú

z2 (z1 6= z2)¦� f(z1) = f(z2).

- Fn(z) = fn(z)− f(z1),K {Fn(z)}3 GSS4��ÂñuØð�"�)Û¼

ê F (z) = f(z)− f(z1).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©)

3 GS©O± z1 Ú z2 �%§�Ø��	l�ü��� C1 : |z − z1| = r1 Ú

C2 : |z− z1| = r2. d1 1Ü©(Ø,�3��ê N§¦� n > N �, Fn(z)3 C1

� C2 �SÜ� F (z)k�Ó�ê�":§=3 C1 � C2 S©O�3 z∗1 � z∗2 ,

¦ f(z∗1) = fn(z∗2) = fn(z1). ù� fn(z)3 GSü�gñ. 2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)
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Ô!(�K 10 ©) � R �kü �����, R[x]
�©

µ�<

´ Rþ���õ�ª�,

f(x) = a0 + a1x+ · · ·+ anx
n ∈ R[x].

y²: f(x)3� R[x]¥�_��=� a0 3 R¥�_� a1, . . . , an þ� R¥��"

�.

yyy²²². ky¿©5. du a0 �_, P bi = a−1
0 ai, 1 ≤ i ≤ n, g(x) = b1x + · · · + bnx

n.

Kk f(x) = a0(1 + g(x)). é?¿ 1 ≤ i ≤ n, ai �", ��3��ê mi ¦

� ami
i = 0. - N = max{m1, · · · ,mn},Kk aNi = 0,l bNi = a−N0 aNi = 0. d

u g(x)nN = (b1x+ · · ·+ bnx
n)nN Ðmª¥?��Xê/X

(nN)!

k1! · · · kn!
bk11 · · · bknn ,

Ù¥ 0 ≤ k1, · · · , kn ≤ nN � k1 + · · · + kn = nN , l7�3,� kj ¦

� kj ≥ N . dd b
kj
j = 0,l g(x)nN = 0. u´

f(x) ·a−1
0 (1−g(x)+g(x)2−· · ·+(−1)nN−1g(x)nN−1) = 1+(−1)nN−1g(x)nN = 1,

¤± f(x)3 R[x]¥�_.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

�y²7�5,Äky²XeØä: e a ∈ RØ´�"�,K�3 R��n� P

¦� a /∈ P . ¯¢þ,�Ä8Ü

S = {I | I ´ R�n�� I ∩ {a, a2, · · · } = ∅}.

du aØ´�"�,w, R�"n� (0) ∈ S,Ïd S ��. S Uì8Ü��¹

'X¤��� S8,?� S ���ó (�Sf8) T = {Iα | α ∈ J},Ù¥ J �

�I8. - A =
⋃
α∈J

Iα,K A´ R�n�� A ∩ {a, a2, · · · } = ∅,= A ∈ S. w

, A�ó T �þ.,�â ZornÚn, S8 S k4�� P . w, a /∈ P ,e¡y

² P � R��n�.��,e�3 u, v ∈ R \ P �´ uv ∈ P . d P �4�5,n

12
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���
� (u) + P Ú (v) + P þØ3 S ¥,l�3��ê sÚ t¦� as ∈ (u) + P ,

at ∈ (v) + P . � as = uy + p1, at = vz + p2,Ù¥ y, z ∈ R, p1, p2 ∈ P ,Kk

as+t = (uy + p1)(vz + p2) = (uv)yz + (uy)p2 + p1(vz) + p1p2,

d uv, p1, p2 ∈ P �� as+t ∈ P ,� P ∈ S gñ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©)

e¡y²7�5. du f(x) �_, ��3 h(x) ∈ R[x] ¦� f(x)h(x) = 1.

� h(x) �~ê�� h0, l a0h0 = 1, � a0 3 R ¥�_. ?� R ����

n� P , éu a ∈ R, ^ a L« a 3g,Ó� η : R → R = R/P e��,

= a = η(a) = a + P . P f(x) = a0 + a1x + · · · + anx
n ∈ R[x] � f(x) 3

g,Ó� η ep�Ñ5��, d f(x)h(x) = 1 �� f(x)h(x) = 1, ¤± f(x)

3 R[x]¥�_. du P ��n�, R���,= f(x)´��þ��_õ�ª,¤

± f(x) = a0 � R¥��_�,léu?¿ 1 ≤ i ≤ nk ai = 0,= ai ∈ P ,

� ai�¹3 R�¤k�n�¥,¤± ai��"�. 2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)
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l!(�K 10©)� S : r = (x, y, h(x, y))�n�î
�©

µ�<

¼�m¥�1w¡, h(x, y)´'u x, y�1w¼ê.

1. ¦ S �²þÇ�L�ª.

2. � S �4�¡,� h(x, y) = f(x) + g(y)�,¦ h(x, y)

�L�ª,Ù¥¼ê f, gþ�1w¼ê.

)))���. 1. ²O���

rx = (1, 0, hx), ry = (0, 1, hy),

rxx = (0, 0, hxx), rxy = (0, 0, hxy), ryy = (0, 0, hyy).

²O���S�ü {�þ

~n =
~rx × ~ry
|~rx × ~ry|

=
1√

1 + h2
x + h2

y

(−hx,−hy, 1),

±9S�1�Ä�/ªXêÚ1�Ä�/ª�Xê

E = rx · rx = 1 + h2
x, F = rx · ry = hxhy, G = ry · ry = 1 + h2

y,

L = rxx · n =
hxx√

1 + h2
x + h2

y

, M = rxy · n =
hxy√

1 + h2
x + h2

y

,

N = ryy · n =
hyy√

1 + h2
x + h2

y

.

u´,��S�²þÇ

H =
LG− 2FM + EN

2(EG− F 2)

=
hxx(1 + h2

y)− 2hxhyhxy + hyy(1 + h2
x)

2(1 + h2
x + h2

y)
2
3

.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3©)

2. � h(x, y) = f(x) + g(y)�,·�k

hx = f ′(x), hy = g′(y), hxx = f ′′(x), hxy = 0, hyy = g′′(y).

u´,·�k

H =
f ′′(x)(1 + (g′(y))2) + g′′(y)(1 + (f ′(x))2)

2(1 + (f ′(x))2 + (g′(y))2)
2
3

.
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���
� S �4�¡,= H ≡ 0�,��

f ′′(x)(1 + (g′(y))2) + g′′(y)(1 + (f ′(x))2) = 0,

=
f ′′(x)

1 + (f ′(x))2
= − g′′(y)

1 + (g′(y))2
. (1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

�â (1),·��
f ′′(x)

1 + (f ′(x))2
= c,

Ù¥ c�~ê. ¦)þã�§·���

f(x) = −1

c
ln cos(cx+ d),

g(y) =
1

c
ln cos(cy + b),

Ù¥ d, b´~ê. u´��

h(x, y) =
1

c
ln

cos(cy + b)

cos(cx+ d)
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

� c = 0�,·��� f ′′(x) = g′′(y) = 0. d�,·�k

f(x) = a1x+ b1, g(y) = a2y + b2,

Ù¥ a1, a2, b1, b2Ñ´~ê. u´, h(x, y) = a1x+ a2y + b1 + b2. 2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)
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Ê!(�K 10©) �k��Ýf§®�1 k �Ýf
�©

µ�<

¥k k �¥§Ù¥ 1�´ù¥,,	 k − 1�´x¥. yl

c n�Ýf¥���¥§P Sn L«�Ñ� n�¥¥ù¥

��ê. y²:

1.
Sn

ln(n)
�VÇÂñu 1;

2.
Sn − ln(n)√

ln(n)
�©ÙÂñuIO��©Ù N(0, 1);

3. é?¿ r > 0, lim
n→∞

E
( |Sn − ln(n)|r

lnr(n) + |Sn − ln(n)|r
)

= 0.

)))���. 1. éu k = 1, 2, . . . , n,P

Xk =

 1, l1 k�Ýf¥�Ñù¥,

0, l1 k�Ýf¥�Ñx¥.

K Xk Õá�Ñl 0− 1©Ù B(1,
1

k
),¿� Sn =

n∑
k=1

Xk.

�Iy²§é?¿ ε > 0, P
(∣∣ Sn

ln(n)
− 1
∣∣ > ε

)
→ 0 ( n→∞). ¯¢þ

P
(∣∣∣ Sn

ln(n)
− 1
∣∣∣ > ε

)
= P

(
|Sn − ln(n)

∣∣ > ε ln(n)
)
6
E(Sn − ln(n))2

ε2 ln2(n)

=
Var(Sn) + (ESn − ln(n))2

ε2 ln2(n)
,

Var(Sn) =
n∑
k=1

(
1

k
− 1

k2
) 6

n∑
k=1

1

k
¿� ESn =

n∑
k=1

1

k
.

5¿ ln(n) +
1

n
6

n∑
k=1

1

k
6 ln(n) + 1%¹

lim
n→∞

1

ln(n)

n∑
k=1

1

k
= 1, ln(n) +

1

n
6 ESn 6 ln(n) + 1

¤±

lim
n→∞

Var(Sn)

ln2(n)
= 0, lim

n→∞

(ESn − ln(n))2

ln2(n)
= 0.

� P
(∣∣ Sn

ln(n)
− 1
∣∣ > ε

)
→ 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)
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��� 2. 5¿
Sn − ln(n)√

ln(n)
=
Sn − ESn√

ln(n)
+
ESn − ln(n)√

ln(n)
. d ln(n) + 1

n
6 ESn 6 ln(n) + 1

�

lim
n→∞

ESn − ln(n)√
ln(n)

= 0.

�§A^
Var(Sn)

ln(n)
→ 1§�Iy²

Sn − ESn√
Var(Sn)

�©ÙÂñuIO��©Ù

N(0, 1).

{{{ I.�yoäÊìÅ£Lyapunov¤^�¤á,=� n→∞�

1

(Var(Sn))2

n∑
k=1

E(Xk − EXk)
4 → 0.

¯¢þ§du

n∑
k=1

E(Xk − EXk)
4 =

n∑
k=1

{(
1− 1

k

)4 1

k
+

1

k4

(
1− 1

k

)}
6

n∑
k=1

2

k
,�

Var(Sn)

ln(n)
→ 1§¤±

lim
n→∞

1

(Var(Sn))2

n∑
k=1

E(Xk − EXk)
4 = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

{{{ II.�ye����� (Lindeberg)^�¤á,=é?¿ τ > 0§� n→∞�

1

Var(Sn)

n∑
k=1

E
{

(Xk − EXk)
2I(|Xk − EXk| > τ

√
Var(Sn))

}
→ 0

½
1

Var(Sn)

n∑
k=1

∫
|x−EXk|>τ

√
Var(Sn)

(x− EXk)
2dFk(x)→ 0,

Ù¥ Fk(x) = P (Xk 6 x).

¯¢þ§du Var(Sn)→∞,¤±� n���§é 1 6 k 6 n, I(|Xk − EXk| >

τ
√

Var(Sn)) = 0,�

1

Var(Sn)

n∑
k=1

E
{

(Xk − EXk)
2I(|Xk − EXk| > τ

√
Var(Sn))

}
→ 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)
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3. 5¿ E
( |Sn − ln(n)|r

lnr(n) + |Sn − ln(n)|r
)

= E
( | Sn

ln(n)
− 1|r

1 + | Sn

ln(n)
− 1|r

)
. d 1�K�§é?¿

ε > 0,

P
(∣∣∣ Sn

ln(n)
− 1
∣∣∣ > ε

)
→ 0.

P Sn

ln(n)
− 1�©Ù¼ê� Fn(x) = P ( Sn

ln(n)
− 1 6 x). du¼ê g(x) = |x|r

1+|x|r 3

[0,∞)þ´üN�ü¼ê§¤±

E
( | Sn

ln(n)
− 1|r

1 + | Sn

ln(n)
− 1|r

)
=

∫ ∞
−∞

|x|r

1 + |x|r
dFn(x) =

(∫
|x|6ε

+

∫
|x|>ε

) |x|r

1 + |x|r
dFn(x)

6
εr

1 + εr
+

∫
|x|>ε

dFn(x) =
εr

1 + εr
+ P

(∣∣∣ Sn
ln(n)

− 1
∣∣∣ > ε

)
.

u´d ε�?¿5§� lim
n→∞

E
( |Sn − ln(n)|r

lnr(n) + |Sn − ln(n)|r
)
→ 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)
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�©

µ�<

y
′ = f(x, y),

y(x0) = y0

�e�ê��ªµ

yn + a1yn−1 + a2yn−2 = h(b0fn + b1fn−1 + b2fn−2),

Ù¥ a1, a2, b0, b1, b2�~ê, fj = f(xj, yj), j = n− 2, n− 1, n.

1. (½~ê a1, a2, b0, b1, b2,¦�þãê��ªäk¦�Up��°Ý¶

2. ©Ûþ�Ú���ê��ª�½5�Âñ5.

)))���. ½Â�f LXeµ

L(y(x)) := y(x)+a1y(x−h)+a2y(x−2h)−h(b0y
′(x)+b1y

′(x−h)+b2y
′(x−2h)).

ò y, y′3 x?� TaylorÐm�±��µ

L(y(x)) = y(x) + a1

(
k∑
j=0

(−h)j/j!y(j)(x) + (−h)k+1/(k + 1)!y(k+1)(ξ1)

)

+a2

(
k∑
j=0

(−2h)j/j!y(j)(x) + (−2h)k+1/(k + 1)!y(k+1)(ξ2)

)

−b0hy
′(x)− b1h

(
k−1∑
j=0

(−h)j/j!y(j+1)(x) + (−h)k/k!y(k+1)(η1)

)

−b2h

(
k−1∑
j=0

(−2h)j/j!y(j+1)(x) + (−2h)k/k!y(k+1)(η2)

)
= (1 + a1 + a2)y(x)− (a1 + 2a2 + b0 + b1 + b2)hy′(x)

+
k∑
j=2

(a1 + 2ja2 + jb1 + 2j−1jb2)(−h)j/j!y(j)(x) +O(hk+1)

:=
k∑
j=0

dj(−h)j/j!y(j)(x) +O(hk+1).

19



Ù¥

d0 := 1 + a1 + a2, d1 := a1 + 2a2 + b0 + b1 + b2,

dj := a1 + 2ja2 + jb1 + 2j−1jb2 = 0, j = 2, 3, 4.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

- d0 = d1 = d2 = d3 = d4 = 0,)�

a1 = 0, a2 = −1, b0 = 1/3, b1 = 4/3, b2 = 1/3.

d� d5 = 4/3 6= 0. Ïd�ª��p°Ý´ 4�,¤¦�ª�µ

yn − yn−2 =
1

3
(fn + 4fn−1 + fn−2).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©¤

2. éþã�ª§- p(z) = z2−1, q(z) = 1
3
(z2 +4z+1). p(z) = 0�ü��±1�

��� 1§�þ�ü�§��ª½",��¡§ p(1) = 0� p′(1) = q(1) = 2,

Ïd�ª�N§?Âñ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . £10©)
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