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1. 1��1o�K´7�K,2l1Ê�1��K¥?À 3K,KÒ�W\

þ¡�L¥ (õÀÃ�).

2. ¤k�KÑL�3dÁò��µ�m>,�3Ù§�þ�ÆÃ�.

3. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

4. X�K�xØ
,��3���¡,¿I²KÒ.

�! (�K 20©)W�K (z�K 5©)
�©

µ�<
1. lim

n→+∞

(
3n−1∏
k=n

k

) 1
2n

sin 1
n

= 3
√
3
e

.

2. ®� f 3«m (−1, 3)Sk��ëY�ê, f(0) = 12, f(2) = 2f ′(2) + 8§K∫ 1

0
xf ′′(2x) dx = 1 .

3. 3n��m����IX¥,�§ 2x2 + y2 + z2 + 2xy − 2xz = 1L«��g¡

a.´ ý�Î¡ .

4. 3Ý
 A =

1 −2 0

1 0 1

0 2 1

�ÛÉ�©) A = UΛV ¥(Ù¥ U, V ����
, Λ�

é�
), Λ =


3 0 0

0
√
3 0

0 0 0

.
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�!(�K 15©)�Äü�V¡ S : x2−y2+z2 = 1.
�©

µ�<

1. y²: S þÓ�x�1�¥?¿ü^ØÓ��1�´É

¡��;

2.� SþÓ�x�1�¥�ü^�1�©O²LM1(1, 1, 1)

�M2(2, 2, 1)ü:. ¦ùü^�1��úR��§±9ùü^�1��m�ål.

yyy²²²: 1. ò¡�§U��

x2 − y2 = 1− z2,

lk

(x+ y)(x− y) = (1 + z)(1− z) (1)

y3Ú?Ø��"�ëê λ, µ,±9Ø��"�ëê u, v,·���üx�1��§λ(x+ y) = µ(1 + z)

µ(x− y) = λ(1− z)

(2)

±9 u(x+ y) = v(1− z)

v(x− y) = u(1 + z)

(3)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

Äk±1�x�1� (2)�~y²ü^ØÓ��1�´É¡��.� (2)¥ü^

�1� L1� L2

L1 :

λ1(x+ y) = µ1(1 + z)

µ1(x− y) = λ1(1− z)

(4)

±9

L2 :

λ2(x+ y) = µ2(1 + z)

µ2(x− y) = λ2(1− z)

(5)

Ù¥, λ1µ2 6= λ2µ1.
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λ1x+ λ1y − µ1z − µ1 = 0

µ1x− µ1y + λ1z − λ1 = 0

λ2x+ λ2y − µ2z − µ2 = 0

µ2x− µ2y + λ2z − λ2 = 0

(6)

� (6)�XêÝ
�A,²O���

det (A) =

∣∣∣∣∣∣∣∣∣∣∣∣

λ1 λ1 −µ1 −µ1

µ1 −µ1 λ1 −λ1
λ2 λ2 −µ2 −µ2

µ2 −µ2 λ2 −λ2

∣∣∣∣∣∣∣∣∣∣∣∣
= 4(λ1µ2 − µ1λ2)

2 6= 0

¤± L1� L2�É¡��. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

éu1�x�1� (3),�ü^�1� L
′
1, L

′
2

L
′

1 :

u1(x+ y) = v1(1− z)

v1(x− y) = u1(1 + z)

(7)

±9

L
′

2 :

u2(x+ y) = v2(1− z)

v2(x− y) = u2(1 + z)

(8)

Ù¥ u1v2 6= u2v1.

�Ä�§| 

u1x+ u1y + v1z − v1 = 0

v1x− v1y − u1z − u1 = 0

u2x+ u2y + v2z − v2 = 0

v2x− v2y − u2z − u2 = 0

(9)
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��§| (9)�XêÝ
� B,²O���

det (B) =

∣∣∣∣∣∣∣∣∣∣∣∣

u1 u1 v1 −v1
v1 −v1 −u1 −u1
u2 u2 v2 −v2
v2 −v2 −u2 −u2

∣∣∣∣∣∣∣∣∣∣∣∣
= −4(u1v2 − u2v1)2 6= 0

¤± L
′
1� L

′
2�É¡��. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

2. òM1(1, 1, 1):�\ (2)¥�� µ : λ = 1 : 1,¼��1� L3��§

L3 :

x+ y − z = 1

x− y + z = 1

(10)

òM2(2, 2, 1):�\ (2)¥�� µ : λ = 2 : 1,¼���1� L4��§

L4 :

x+ y − 2z = 2

2x− 2y + z = 1

(11)

Ï� (1, 1,−1)× (1,−1, 1) = (0,−2,−2),� L3���
−→n3 = (0, 1, 1). Ï� (1, 1,−2)×

(2,−2, 1) = (−3,−5,−4), � L4 ���
−→n4 = (3, 5, 4). L3, L4 �úR� L ����

−→n = −→n3 ×−→n4 = (−1, 3,−3). �M(x, y, z)� Lþ�?¿�:,K L��§÷v(
−−−→
M1M,−→n3,

−→n ) = 0

(
−−−→
M2M,−→n4,

−→n ) = 0

(12)

Ù¥

(
−−−→
M1M,−→n3,

−→n ) =

∣∣∣∣∣∣∣∣∣
x− 1 y − 1 z − 1

0 1 1

−1 3 −3

∣∣∣∣∣∣∣∣∣ = 0

(
−−−→
M2M,−→n4,

−→n ) =

∣∣∣∣∣∣∣∣∣
x− 2 y − 2 z − 1

3 5 4

−1 3 −3

∣∣∣∣∣∣∣∣∣ = 0

²z{��úR� L��§ 6x+ y − z = 6

27x− 5y − 14z = 30
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

L3, L4�m�ål÷v

d =
|
−−−−→
M1M2 · −→n |
|−→n |

=
2√
19

=
2

19

√
19

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

555. ²O���úR��ü^�1� L3, L4 ��:©O�
1
19

(19,−3,−3) Ú

1
19

(17, 3,−9),ùü:m�ål� 2
19

√
19. Ïd,��±ÏLO�ü:m�ål��É

¡���m�ål.

òM1(1, 1, 1),M2(2, 2, 1)©O�\1�x�1�x (3)¥���Ó�^�1�1− z = 0

x− y = 0

=M1,M2 uÓ�^�1�þ. Ïd,�I�Ä L3, L4��/. 2
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n!(�K 15 ©) � V ´k��î¼�m, V1, V2
�©

µ�<

´ V ��²�f�m� V = V1 ⊕ V2. � p1, p2 ©O´ V

� V1, V2 ���ÝK, ϕ = p1 + p2,^ detϕL«�5C�

ϕ�1�ª. y²: 0 < detϕ ≤ 1� detϕ = 1�¿�^�

´ V1� V2��.

yyy²²²: � dimV1 = m, dimV2 = n, m,n > 0. ©O� V1 Ú V2 ���|IO��

Ä,§�Üå5´ V ��|Ä, ϕ3ù|Äe�Ý
/X

A =

 Im B

C In

 ,

Ù¥ B Ú C ©O´ p1|V2 : V2 → V1Ú p2|V1 : V1 → V2�Ý
. . . . . . . . . . . . (3©)

éu v1 ∈ V1 Ú v2 ∈ V2, v1 − p2v1 ∈ V ⊥2 ,� 〈p2v1, v2〉 = 〈v1, v2〉,Ón 〈v1, p1v2〉 =

〈v1, v2〉. d 〈p2v1, v2〉 = 〈v1, p1v2〉�� C = BT . l CB = BTB ���½Ý
,§Ò

´ p2p1|V2 : V2 → V2�Ý
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

� λ� p2p1|V2���A��, v2 ∈ V2´�A�A��þ,K λ ≥ 0�du v2 /∈ V1,

·�k ‖p1v2‖ < ‖v2‖,¤±

0 ≤ λ‖v2‖2 = 〈p2p1v2, v2〉 = 〈p1v2, p1v2〉 = ‖p1v2‖2 < ‖v2‖2,

� 0 ≤ λ < 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (9©)

du ϕ3 V ��|Äe�Ý
� A,¤±

detϕ = detA = det

 Im B

C In

 = det (In − CB) =
∏
λ

(1− λ),

ùp λ�HÝ
 CB �¤kA�� (Pê). du CB �A��= p2p1|V2 �A��,

�é CB �z�A�� λk 0 ≤ λ < 1,l 0 < detϕ ≤ 1. . . . . . . . . . . . . . (12©)

AO/, detϕ = 1 ��=�é CB �z�A�� λ, þk λ = 0, ù��d

u CB = BTB = 0,= B = C = 0. ¤± detϕ = 1�¿�^�´ V1� V2��.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

6



6
¶

:
O
�
y
Ò

:
¤
3
�
�

:
�
|
Ò

:
�
 
Ò

:
;
�

:

���

����
µ
�

�
K
�
Ø
�
�
L
d
�

���

��� o! (�K 20©)y²:
�©

µ�<

1. y²: ¼ê�§ x3 − 3x = t �3n�34«m [−2, 2]

þëY, 3m«m (−2, 2) SëY���) x = ϕ1(t), x =

ϕ2(t), x = ϕ3(t)÷v:

ϕ1(−t) = −ϕ3(t), ϕ2(−t) = −ϕ2(t), |t| 6 2.

2. e f ´ [−2, 2]þ�ëYó¼ê,y²:
∫ 2

1
f(x3 − 3x) dx =

∫ 1

0
f(x3 − 3x) dx.

yyy²²²µµµ 1. P g(x) = x3 − 3x,@o g ´Û¼ê,� g′(x) = 3(x2 − 1).u´ g äk

Xe5�µ

(1)3 (−∞,−1]Ú [1,+∞)þî�üNþ,,3 [−1, 1]þî�üNeü.

(2) x = −1´4��:,4��� 2; x = 1´4��:,4��� −2.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

(3)P

g1 = g|[−2,−1], g2 = g|[−1,1], g1 = g|[1,2].

�â±þ5�, g1, g2, g3©O3Ù½Â�4«mþî�üN,���þ� [−2, 2]. Ïd,

�gk�¼ê ϕ1, ϕ2, ϕ3,± [−2, 2]�½Â�,�g± [−2,−1], [−1, 1], [1, 2]���.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©)

d�¼ê�ëY5� ϕ1, ϕ2, ϕ3 þ� [−2, 2] þ�ëY¼ê.  g1, g2, g3 �g3

(−2,−1), (−1, 1), (1, 2)SëY��,��êØ�u". Ïd,§���¼ê ϕ1, ϕ2, ϕ3

3 (−2, 2)SëY��. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

,��¡,5¿� g�Û¼ê,±9 ϕ1, ϕ2, ϕ3���, g1, g2, g3�½Â�,·�k

−t = −g3(ϕ3(t)) = −g(ϕ3(t)) = g(−ϕ3(t)) = g1(−ϕ3(t)), t ∈ [−2, 2].

Ïd

ϕ1(−t) = −ϕ3(t), t ∈ [−2, 2].

Ón,

−t = −g2(ϕ2(t)) = −g(ϕ2(t)) = g(−ϕ2(t)) = g2(−ϕ2(t)), t ∈ [−2, 2].

l

ϕ2(−t) = −ϕ2(t), t ∈ [−2, 2].

7



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)

2. �â��½n§·�k

ϕ1(t) + ϕ2(t) + ϕ3(t) = 0, ∀ t ∈ [−2, 2].

l

ϕ′1(t) + ϕ′2(t) + ϕ′3(t) = 0, ∀ t ∈ (−2, 2).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (17©)

ù�(Ü f �ëYó¼ê��

2

∫ 2

1

f(x3 − 3x) dx− 2

∫ 1

0

f(x3 − 3x) dx

=

∫ −1
−2

f(x3 − 3x) dx−
∫ 1

−1
f(x3 − 3x) dx+

∫ 2

1

f(x3 − 3x) dx

=

∫ 2

−2
f(t)ϕ′1(t) dt+

∫ 2

−2
f(t)ϕ′2(t) dt+

∫ 2

−2
f(t)ϕ′3(t) dt = 0.

l(Ø¤á. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)

2
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��� Ê!(�K 10©)�E ⊆ R´L−�ÿ8, {fn(x)}n>1

�©

µ�<
´Eþ��k.�ÿ¼ê�,e

∞∑
N=1

1

N

∫
E

∣∣∣ 1

N

N∑
n=1

fn(x)
∣∣∣2 dm

<∞,K lim
N→∞

1
N

N∑
n=1

fn(x) = 0, L − a.e., x ∈ E.

yyy²²²: é 0 < ε < 1
2
Ú N > 1,�

AN(ε) =
{
x ∈ E :

∣∣ 1

N

N∑
n=1

fn(x)
∣∣ > ε

}
.

du ∫
E

∣∣∣ 1

N

N∑
n=1

fn(x)
∣∣∣2 dm > ε2 ·m(AN(ε)).

dK�k
∞∑
N=1

m(AN (ε))
N

< +∞. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

�

N1 = 1, Nk+1 =
[ Nk

1− ε

]
+ 1, ∀k > 1 (1)

q� mk ´÷v Nk 6 mk < Nk+1 ���ê§�
m(Amk

(ε))

mk
= min

Nk6N<Nk+1

m(AN (ε))
N

.

u´ ∑
Nk6N<Nk+1

m(AN(ε))

N
> (Nk+1 −Nk)

m(Amk
(ε))

mk

> ε ·m(Amk
(ε)).

l§k
∞∑
k=1

m(Amk
(ε)) < +∞. (2)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

-

A(ε) = lim
k→∞

Amk
(ε) =

∞⋂
N=1

∞⋃
k=N

Amk
(ε) ⊂

∞⋃
k=N

Amk
(ε),∀N > 1,

=⇒ m(A(ε)) 6
∞∑
k=N

m(Amk
(ε))

(2)
=⇒ m(A(ε)) = 0.

=é L − a.e., x ∈ E 9¿©�� k,k∣∣∣∣∣ 1

mk

mk∑
n=1

fn(x)

∣∣∣∣∣ < ε. (3)

9



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©)

q {fn(x)}n>1 3 E þ��k., = ∃c > 0,∀x ∈ E,∀n > 1, |fn(x)| 6 c. ∀x ∈

E,N > 1,� k´��÷v Nk 6 N < Nk+1���ê(Ù¥ Nk d (1)(½).∣∣∣∣∣ 1

N

N∑
n=1

fn(x)− 1

mk

mk∑
n=1

fn(x)

∣∣∣∣∣ =

∣∣∣∣∣ 1

N
(
N∑
n=1

fn(x)−
mk∑
n=1

fn(x)) + (
1

N
− 1

mk

)

mk∑
n=1

fn(x)

∣∣∣∣∣
6 2c

Nk+1 −Nk

Nk

6 2c
1

Nk

(
Nk

1− ε
+ 1−Nk) =

2cε

1− ε
+

2c

Nk

� N ¿©��,�,k k¿©�,d� 2cε
1−ε + 2c

Nk
6 5cε9 (3),=é L − a.e., x ∈ E ,k∣∣∣∣ 1N N∑

n=1

fn(x)

∣∣∣∣ < (1 + 5c)ε,�

lim
N→∞

1

N

N∑
n=1

fn(x) = 0, L − a.e., x ∈ E.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

10
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��� 8!(�K 10 ©) � f(z) 3 |z| 6 R (R > 0) S)
�©

µ�<

Û�÷v |f(z)| 6 M (M > 0), f(0) 6= 0. y²: f(z) 3

� |z| 6 R/3 S�":�ê(":�êO�3S)Ø�L
1

ln 2
ln M
|f(0)| .

yyy²²²µµµ^ zi (1 6 i 6 n)L« f(z)3 |z| 6 R/3S�":§-

g(z) =
f(z)∏n

i=1

(
1− z

zi

) .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3©)

K g(z)3 |z| 6 RS)Û.Ï�3 |z| = Rþ§é i = 1, 2, · · · , nÑk∣∣∣ z
zi

∣∣∣ > 3,

u´3 |z| = Rþ§

|g(Reiθ)| 6 M∏n
i=1(3− 1)

= 2−nM.

l3 |z| < RS§k

|g(z)| 6 2−nM.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

AO/

|g(0)| 6 2−nM.

q g(0) = f(0)§¤± |f(0)| 6 2−nM ,=

2n|f(0)| 6M.

éþªü>�éê§�

n 6
1

ln 2
ln

M

|f(0)|
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

2
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Ô!(�K 10©)y²: 180�+Ø´ü+.
�©

µ�<

yyy²²²: éu�ê p,^ np(G)L«k�+ G� Sylow p-f+�ê.

�y,�G� 180�ü+,d 180 = 22 ·32 ·5Ú Sylow½nk n3(G) > 1, n3(G) | 20

� n3(G) ≡ 1 (mod 3),� n3(G) = 4½ n3(G) = 10.

e n3(G) = 4,�Ä G3§� Sylow 3-f+8Üþ��Ý�^,dd�� G�é

¡+ S4 ���Ó�,d G�ü+�ù�Ó��Ø�¹kü �,=dÓ��üÓ�,

l 180 = |G| ≤ |S4| = 24,gñ,� n3(G) = 10. . . . . . . . . . . . . . . . . . . . . . . . . (3©)

·�äó G�?¿ü�ØÓ� Sylow 3-f+��²�.eÄ,�k G�ü�ØÓ

� Sylow 3-f+ S, T ¦� D = S ∩ T 6= {e}. du S Ú T Ñ´ 9�+,§����+,

l D� 3�+� D � S, T . P N = NG(D) = {g ∈ G | Dg = D}� D3 G¥��

5zf,Kk S, T ≤ N ,ù� S Ú T Ñ´+ N � Sylow 3-f+,l N � Sylow 3-f

+�ê n3(N) > 1. �,d Sylow½nk n3(N) | [N : S] (ùp [N : S]L« S 3 N ¥

��ê)Ú n3(N) ≡ 1 (mod 3),� n3(N) ≥ 4�� 3p�.d n3(N) | |N |Ú |S| | |N |,

·�k |N | ≥ 36,? [G : N ] ≤ 5. �Ä G3 N ���88Üþ��¦�^,�� G

Ó�u S[G:N ]���f+,�´ |G| = 180 > 5! ≥ |S[G:N ]|,gñ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

e¡2w G� Sylow 5-f+,d n5(G) > 1, n5(G) | 36Ú n5(G) ≡ 1 (mod 5)�

� n5(G) = 6½ö n5(G) = 36. du G� Sylow 5-f+� 5�+,� G�?ü�ØÓ

� Sylow 5-f+��²�.e n5(G) = 36,K G� 10� Sylow 3-f+Ú 36� Sylow

5-f+���¹ 10(9− 1) + 36(5− 1) + 1 = 225 > 180���,gñ. � n5(G) = 6.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©)

�Ä G3§� 6� Sylow 5-f+8Üþ��Ý�^,aquc¡�?Ø,·��

��� G�é¡+ S6�üÓ�,= GÓ�u S6���f+,Ø�� G ≤ S6. e G¥

kÛ��,K

1 < [G : G ∩ A6] = [GA6 : A6] ≤ [S6 : A6] = 2,

12
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= G ∩A6´ G��ê� 2�f+,l G ∩A6´ G��²��5f+,� G�ü+

gñ,¤± G ≤ A6. qd

[A6 : G] = |A6|/|G| = 360/180 = 2

�� G� A6,� A6�ü+gñ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)
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l!(�K 10©)� S : r = r(u, v)� R3¥�1w
�©

µ�<

¡,Ù1�Ä�/ª� (ds)2 = E(du)2 + 2Fdudv +G(dv)2,

Ù¥ (u, v) �¡ S �ëê, ru = ∂r
∂u

, rv = ∂r
∂v

, E = ru ·

ru, F = ru · rv, G = rv · rv. y²:

1. �3#�ëê (u1, v1),¦� S �1�Ä�/ª� (ds)2 = h(u1, v1)[(du1)
2 + (dv1)

2],

Ù¥ h > 0�1w¼ê.

2. XJ¡ S�1�Ä�/ª÷v (ds)2 = h(u, v)[(du)2 + (dv)2],KÙpdÇK �

±L«� K = − 1
2h

∆ log h,Ù¥ h > 0�1w¼ê, ∆ = ∂2

∂u2
+ ∂2

∂v2
L«.Ê.d�f.

yyy²²²: 1. ¡S�1�Ä�/ª÷v

(ds)2 = E(du)2 + 2Fdudv +G(dv)2

=
1

E

[
Edu+ Fdv +

√
F 2 − EGdv

] [
Edu+ Fdv −

√
F 2 − EGdv

]
.

(1)

- l = EG− F 2,Kk
√
F 2 − EG = i

√
l, i2 = −1. u´

Edu+ Fdv ±
√
F 2 − EGdv = Edu+ Fdv ± i

√
ldv

d~�©�§nØ��,�3���"(E�)È©Ïf λ,¦� λ(Edu+ Fdv + i
√
ldv)

�,� (E�)¼ê µ = u1 + iv1���©,=k

λ(Edu+ Fdv + i
√
ldv) = dµ = du1 + idv1 (2)

é�§ (2)�ü>��Ý,��

λ(Edu+ Fdv − i
√
ldv) = dµ = du1 − idv1 (3)

ò (2), (3)�\ (1),��

(ds)2 = h(u1, v1)[(du1)
2 + (dv1)

2] (4)

Ù¥, h(u1, v1) = 1
E|λ|2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

,	,- λ = p+ iq, p, qþ�¢ê. d�§ (2)��

(p+ iq)(Edu+ Fdv + i
√
ldv) = du1 + idv1 (5)

14
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���
d�§ (5)�� du1 = p(Edu+ Fdv)− q

√
ldv

dv1 = q(Edu+ Fdv) + p
√
ldv

(6)

d�§| (6),TC��ä�'1�ª÷v

∂(u1, v1)

∂(u, v)
= (p2 + q2)E

√
l > 0

u´ (u1, v1)´�|#�ëê. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

2. y{�: éu¡S : r = r(u, v), (ds)2 = h(u, v)[(du)2 + (dv)2]. 5¿�

ru · ru = E = G = rv · rv = h(u, v), F = ru · rv = rv · ru = 0,u´k ruu · rv + ru · ruv = 0,

ruv · rv + ru · rvv = 0. ò ru, rv ü z,½Â

e1 =
ru
|ru|

=
ru√
E

=
ru√
h
, e2 =

rv
|rv|

=
rv√
G

=
rv√
h
, n = ru × rv (7)

u´, e1, e2, n�¤ R3�IO��Ä.Ïd ruu, ruv, rvv �dTÄL«. ~X,�

ruu = ae1 + be2 + cn (8)

�±¼�

a = ruu · e1 =
1

2
√
h

∂h

∂u
, b = ruu · e2 = − 1

2
√
h

∂h

∂v
, c = ruu · n = L

=��

ruu =
1

2
√
h

∂h

∂u
e1 −

1

2
√
h

∂h

∂v
e2 + Ln (9)

aq/,�±¦�

ruv =
1

2
√
h

∂h

∂v
e1 +

1

2
√
h

∂h

∂u
e2 +Mn (10)

rvv = − 1

2
√
h

∂h

∂u
e1 +

1

2
√
h

∂h

∂v
e2 +Nn (11)

ruu, ruv, rvv 3þãIO��Äe��IL«�
ruu =

(
1

2
√
h
∂h
∂u
,− 1

2
√
h
∂h
∂v
, L
)

ruv =
(

1
2
√
h
∂h
∂v
, 1
2
√
h
∂h
∂u
,M
)

rvv =
(
− 1

2
√
h
∂h
∂u
, 1
2
√
h
∂h
∂v
, N
) (12)

15



Ù¥, M = ruv · n,N = rvv · n.

5¿� 1
2
∂h
∂u

= rvu · rv,��

1

2

∂2h

∂u2
= rvuu · rv + rvu · rvu

=
∂

∂v
(ruu · rv)− ruu · rvv + rvu · rvu

(13)

|^(8)-(12),��

ruu · rv = −1

2

∂h

∂v
,
∂

∂v
(ruu · rv) = −1

2

∂h

∂v2
(14)

ruu ·rvv = −1

4

[(
∂h

∂u

)2

+

(
∂h

∂v

)2
]

+LN, rvu ·rvu =
1

4

[(
∂h

∂u

)2

+

(
∂h

∂v

)2
]

+M2 (15)

ò (14), (15)�\ (13)��

1

2

∂2h

∂u2
= −1

2

∂2h

∂v2
+

1

2h

[(
∂h

∂u

)2

+

(
∂h

∂v

)2
]

+M2 − LN

½ö
1

2
∆h =

1

2

∂2h

∂u2
+

1

2

∂2h

∂v2

=
1

2h

[(
∂h

∂u

)2

+

(
∂h

∂v

)2
]

+M2 − LN
(16)

5¿�

∆ log h = − 1

h2

[(
∂h

∂u

)2

+

(
∂h

∂v

)2
]

+
1

h
∆h (17)

(Ü(16)�(17),dpdÇ÷v�úª,��

K =
LN −M2

EG− F 2
= − 1

2h
∆ log h

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

y{�: �¡ S �1�Ä�/ª÷v(ds)2 = E(du)2 + G(dv)2�, �±wÑ

F = 0. �âÇÜþ�½Â�±y²

R1212 =
√
EG

[
∂

∂v

(
∂
√
E

∂v√
G

)
+

∂

∂u

(
∂
√
G

∂u√
E

)]
(18)

d (18)±9pdÇ�½Â,��

K = − R1212

g11g22 − g212
= − R1212

EG− F 2
= − 1√

EG

[
∂

∂v

(
∂
√
E

∂v√
G

)
+

∂

∂u

(
∂
√
G

∂u√
E

)]
(19)

16
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Ù¥ g11 = E, g12 = F, g22 = G. Q, E = G = h, F = 0,²O���

∂

∂v

(
∂
√
E

∂v√
G

)
+

∂

∂u

(
∂
√
G

∂u√
E

)
=

1

2
∆ log h (20)

ò (20)�\ (19),��

K = − 1

2h
∆ log h

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

2
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Ê!(�K 10©)� {Xi}´Õá�ÅCþS�.
�©

µ�<

1. e {Xi}Ñl�ê½Æ�÷v¥%4�½n,=

1
n

n∑
i=1

(Xi − EXi)
P→ 0Ú

n∑
i=1

(Xi−EXi)√
n∑

k=1
Var(Xk)

D→ N(0, 1)§

K lim
n→∞

1
n2

n∑
k=1

Var(Xk) = 0;

2. e {Xi}Ó©Ù�÷v lim
n→∞

nP (|X1| > n) = 0§K 1
n

n∑
i=1

Xi − µn �VÇÂñu 0§

= 1
n

n∑
i=1

Xi − µn
P→ 0§Ù¥ µn = E[X1I(|X1| 6 n)]§I(A)L«¯�A�«5¼ê.

yyy²²²: 1. du 1
n

n∑
i=1

(Xi − EXi)
P→ 0§¤±é?¿ ε > 0,

P
(∣∣ 1
n

n∑
i=1

(Xi − EXi)
∣∣ > ε

)
→ 0.

u´

P
(∣∣∣ 1
n

n∑
i=1

(Xi − EXi)
∣∣∣ > ε

)
= 1− P

( |∑n
i=1(Xi − EXi)|√
n∑
k=1

Var(Xk)

<
nε√∑n

k=1 Var(Xk)

)
→ 0.

|^

n∑
i=1

(Xi−EXi)√
n∑

k=1

Var(Xk)

d→ N(0, 1)�� nε√
n∑

k=1

Var(Xk)

→∞§�

lim
n→∞

1

n2

n∑
k=1

Var(Xk) = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

2. P Yni = XiI(|Xi| 6 n). K

1

n

n∑
i=1

Xi − µn =
1

n

n∑
i=1

(Yni − µn) +
1

n

n∑
i=1

XiI(|Xi| > n).

é?¿ ε > 0§

P
(
| 1
n

n∑
i=1

XiI(|Xi| > n)| > ε
)
6

n∑
i=1

P (|Xi| > n) = nP (|X1| > n)→ 0.

18
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1

n

n∑
i=1

XiI(|Xi| > n)
P→ 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

u´�y 1
n

n∑
i=1

Xi − µn
P→ 0§�Iy² P (| 1

n

n∑
i=1

(Yni − µn)| > ε)→ 0.¯¢þ

P
(∣∣∣ 1
n

n∑
i=1

(Yni − µn)
∣∣∣ > ε

)
= P

(∣∣∣ 1
n

n∑
i=1

(Yni − EYni)
∣∣∣ > ε

)
6

Var(Yn1)

nε2
6
EY 2

n1

nε2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©)

=�{�>A^©ÚÈ©{§�

EY 2
n1

n
=

1

n
E
[
X2

1I(|X1| 6 n)
]

=
1

n

∫ n

0

x2dP (|X1| 6 x) = − 1

n

∫ n

0

x2dP (|X1| > x)

=
2

n

∫ n

0

xP (|X1| > x)dx− nP (|X1| > n)

=
2

n

n∑
k=1

∫ k

k−1
xP (|X1| > x)dx− nP (|X1| > n)

6
2

n

(
1 +

n∑
k=2

kP (|X1| > k/2)
)
− nP (|X1| > n).

du nP (|X1| > n) → 0§¤±�3 N§� k > N �§kP (|X1| > k/2) < ε,u´� n

���

1

n

(
1+

n∑
k=2

kP (|X1| > k/2)
)

=
1

n

(
1+

N∑
k=2

kP (|X1| > k/2)+
n∑

k=N+1

kP (|X1| > k/2)
)
< 2ε.

K
EY 2

n1

n
→ 0§� 1

n

∑n
i=1Xi − µn

P→ 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

19



=�{�>

EY 2
n1

n
=

1

n
E[X2

1I(|X1| 6 n)] =
1

n

n∑
j=1

E[X2
1I(j − 1 < |X1| 6 j)]

6
1

n

n∑
j=1

j2P (j − 1 < |X1| 6 j) =
2

n

n∑
j=1

P (j − 1 < |X1| 6 j)

∫ j

0

xdx

=
2

n

n∑
j=1

P (j − 1 < |X1| 6 j)

j∑
k=1

∫ k

k−1
xdx

6
2

n

n∑
j=1

P (j − 1 < |X1| 6 j)

j∑
k=1

k =
2

n

n∑
k=1

k
n∑
j=k

P (j − 1 < |X1| 6 j)

6
2

n

n∑
k=1

kP (|X1| > k − 1) 6
2

n

(
1 +

n∑
k=2

kP (|X1| > k/2)
)
.

du nP (|X1| > n) → 0§¤±�3 N§� k > N �§kP (|X1| > k/2) < ε,u´� n

���,

1

n

(
1+

n∑
k=2

kP (|X1| > k/2)
)

=
1

n

(
1+

N∑
k=2

kP (|X1| > k/2)+
n∑

k=N+1

kP (|X1| > k/2)
)
< 2ε.

K
EY 2

n1

n
→ 0,� 1

n

n∑
i=1

Xi − µn
P→ 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)
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µ�<

¡Ý
. y²: e¦)�5�§| Ax = b� Gauss-SeidelS

�{é?¿Ð©�ÑÂñ,K A��½Ý
.

yyy²²²µµµ�5�§| Ax = b� Gauss-SeidelS��ª��

�

xk+1 = (D − L)−1LTxk + (D − L)−1b,

Ù¥ A = D − L− LT§ D = diag (a11, a22, · · · , ann)§

L =



0

−a21 0

−a31 −a32 0
...

... . . . . . .

−an1 −an2 · · · −an,n−1 0


.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

ò Gauss-Seidel�ªU�� (D−L)xk+1 = LTxk + b. é?¿Ð©� x0, Ax = b�

Gauss-SeidelS�{ÑÂñ§�Ù)Âñ� x∗. P yk = xk − x∗§Kk (D − L)yk+1 =

LTyk. - εk = yk − yk+1,5¿� (D − L) = A+ LT ,@o

(D − L)εk = Ayk, Ayk+1 = LT εk.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

u´

yTkAyk − yTk+1Ayk+1 = yTk (D − L)εk − yTk+1L
T εk

= εTkDyk − εTkLTyk − εTkLyk+1

= εTkDεk + εTk (D − L)yk+1 − εTkLTyk.

qÏ (D − L)yk+1 = LTyk,¤±

yTkAyk − yTk+1Ayk+1 = εTkDεk.

dK��� D´�½�§Ïd

yTkAyk > yTk+1Ayk+1, k > 0.
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©)

e¡·�òæ^�y{y²e Gauss-SeidelS�Âñ§K A�½.

�yµb� AØ�½§Ø�� b = 0. K�é��� x0 6= 0§¦� xT0Ax0 < 0. K

yT0 Ay0 < 0. d Gauss-SeidelS��)�S�{yn}÷v

0 > yT0 Ay0 > yT1 Ay1 > yT2 Ay2 > · · · > yTnAyn > . . . .

w,Tê�ØÂñu 0§ù�K�gñ§Ïdb�Ø¤á,= A�½.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©).
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