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�©

555¿¿¿:
1. ¤k�KÑL�3IO�K�þ,�3�Áò½Ù§�þþÃ�.

2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

3. X�K�xØ
,��3���¡,¿I²KÒ.

�!(�K 15©) �Ø��"� a, b, c ∈ R,¦��
�©

µ�<

x− 1

a
=
y − 1

b
=
z − 1

c
7z¶^=¤��^=­¡�§.

)))���. �: M1(0, 0, 0),�� ~s1 = (0, 0, 1),K z¶��� L1:

x

0
=
y

0
=
z

1
.

�� L2
x− 1

a
=
y − 1

b
=
z − 1

c

L:M2(1, 1, 1),���~s2 = (a, b, c).

~s1, ~s2,
−−−−→
M1M2�·ÜÈ� (

~s1, ~s2,
−−−−→
M1M2

)
= a− b.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

(1). � a = b�, L2� L1�¡. ©±en«�¹?Ø.

1). � ~s1 · ~s2 = 0,= c = 0�, L2� L1R�,d�¤��^=¡´ z = 1�²¡.

1



� ~s1 · ~s2 6= 0,= c 6= 0�, L2� L1²1½ö��u�:,u´k±eü«�/.

2). � L2²1u L1�,¤��^=­¡´���Î¡ x2 + y2 = 2.

3). � L1 � L2 ��u�:�,¤��^=¡����I¡,º:�§���:

(0, 0, a−c
a

)�I¡�§x2 + y2 − 2a2

c2
(z − a−c

a
) = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

(2). � a 6= b�,= L2 � L1 Ø�¡�,Äk�Ä L2 � L1 ØR����/. �

M0(x0, y0, z0)�L2 þ�?¿�:, M(x, y, z)�L M0 �^=­¡þ���þ

�?¿�:,Kk 
−−−→
M0M · −→s 1 = 0,∣∣∣−−−−→M1M0

∣∣∣ =
∣∣∣−−−→M1M

∣∣∣,
x0−1
a

= y0−1
b

= z0−1
c
.

dd�� 

z − z0 = 0,

x2 + y2 + z2 = x20 + y20 + z20 ,

x0 = 1 + at,

y0 = 1 + bt,

z0 = 1 + ct,

Ù¥ t ∈ R�ëê. Ï L1 � L2 ØR�,d ~s1 · ~s2 = c 6= 0,�� t = z0−1
c

= z−1
c

,

±9

x2 + y2 =x20 + y20

=
[
1 +

a

c
(z − 1)

]2
+

[
1 +

b

c
(z − 1)

]2
=Az2 +Bz + C,

Ù¥

A =
a2 + b2

c2
, B =

a(c− a) + b(c− b)
c2

, C =
(c− a)2 + (c− b)2

c2
.

²O���

AC −B2 =
(a− b)
c2

> 0.

2
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5¿� A > 0,±9

x2 + y2 =Az2 + 2Bz + C

=A

(
z +

B

A

)2

+
AC −B2

A

��
A

AC −B2

(
x2 + y2

)
− A2

AC −B2

(
z +

B

A

)
= 1.

§´^=ü�V­¡.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (13©)

� L1 � L2 �É¡��
�R��, c = 0. ¤�^=­¡´�������

�(�»� L1� L2�m�ål
|a−b|√
a2+b2

)�²¡.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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�!(�K 15©) � B ⊂ Rn (n ≥ 2)´ü m¥§
�©

µ�<

¼ê u, v3 B þëY,3 B S��ëY��,÷v
−∆u− (1− u2 − v2)u = 0, x ∈ B,

−∆v − (1− u2 − v2)v = 0, x ∈ B,

u(x) = v(x) = 0, x ∈ ∂B,

Ù¥, x = (x1, x2, . . . , xn), ∆u =
∂2u

∂x21
+
∂2u

∂x22
+ · · · + ∂2u

∂x2n
, ∂B L« B �>.. y²:

u2(x) + v2(x) ≤ 1 (∀x ∈ B).

yyy²²². P w = w(x) = u2(x) + v2(x),K w÷v¯K−∆w − 2(1− w)w = −2(|∇u|2 + |∇v|2), x ∈ B,

w(x) = 0, x ∈ ∂B.
(1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

w,§w(x) ∈ C2(B)
⋂
C(B). ¤±§w(x)7,3 B þ�����.����

:� x1.

e x1 ∈ B,K ∇w(x1) = 0, −∆w(x1) ≥ 0. u´d£1¤��,3 x1?§

0 ≤ −∆w ≤ 2(1− w)w − 2(|∇u|2 + |∇u|2) ≤ 2(1− w)w.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)


 w(x1) ≥ 0,�þªL² w(x1) ≤ 1.

e x1 ∈ ∂B,Kd£1¤§w(x1) = 0.

nÜ�§ðk 0 ≤ w ≤ 1, x ∈ B.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

2
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�
�� n!(�K 15 ©) � f(x) = x2021 + a2020x
2020 +

�©

µ�<

a2019x
2019 + · · · + a2x

2 + a1x + a0 ��Xêõ�ª, a0 6= 0.

�é?¿ 0 ≤ k ≤ 2020k |ak| ≤ 40,y²: f(x) = 0��Ø

�U��¢ê.

yyy²²². � f(x) = 0 � 2021 ��©O� x1, x2, . . . , x2021. du a0 6= 0, ¤± xi 6= 0,

1 ≤ i ≤ 2021. e x1, x2, . . . , x2021Ñ´¢ê,d CauchyØ�ªk
2021∑
i=1

x2i ·
2021∑
i=1

1

x2i
≥

(
2021∑
i=1

xi ·
1

xi

)2

= 20212.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

d Vieta½n,
2021∑
i=1

xi = −a2020,
∑

1≤i<j≤2021

xixj = a2019,

dd��

2021∑
i=1

x2i =

(
2021∑
i=1

xi

)2

− 2
∑

1≤i<j≤2021

xixj = a22020 − 2a2019.

5¿� 1
x1
, 1
x2
, . . . , 1

x2021
´õ�ª

g(x) = x2021f

(
1

x

)
= a0x

2021 + a1x
2020 + a2x

2019 + · · ·+ a2019x
2 + a2020x+ 1

��.UYd Vieta½n,
2021∑
i=1

1

xi
= −a1

a0
,

∑
1≤i<j≤2021

1

xi
· 1

xj
=
a2
a0
,

¤±
2021∑
i=1

1

x2i
=

(
2021∑
i=1

1

xi

)2

− 2
∑

1≤i<j≤2021

1

xi
· 1

xj
=
a21
a20
− 2a2

a0
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

Ï�é?¿ 0 ≤ k ≤ 2020k |ak| ≤ 40,q a0��"�ê,� |a0| ≥ 1,¤±
2021∑
i=1

x2i ·
2021∑
i=1

1

x2i
= (a22020−2a2019)

(
a21
a20
− 2a2

a0

)
≤ (402+2·40)(402+2·40) = 16802,

gñ. y. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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o! (�K 20©)� P �é¡jÝ
,y²: �3�
�©

µ�<

_EÝ
 Q¦� P = QQ−1.

)))���. � P � n �Ý
. Ï� P �jÝ
, g,��5Ý
, ¤±�3jÝ
 U ¦

� U−1PU = D�é�
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

�

D =


α1

α2

. . .

αn

 ,

¿� β1, β2, · · · , βn�Eê÷v β2
i = αi, 1 ≤ i ≤ n,-

E =


β1

β2
. . .

βn

 .

d Lagrange��úª��3EXêõ�ª f(x)¦� f(αi) = βi, 1 ≤ i ≤ n,l




E =


f(α1)

f(α2)
. . .

f(αn)

 = f(D),

�

E2 =


β2
1

β2
2

. . .

β2
n

 =


α1

α2

. . .

αn

 = D.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)
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y3 DT = D, P T = P , UT = U

−1
,¤±

D = DT = (U−1PU)T = UTP T (U−1)T = U
−1
PU = U

−1
UDU−1U,

l
 U−1U �D���.q E = f(D),¤± E�� U−1U ���,= EU−1U =

U−1UE,½��

UEU−1 = UEU
−1
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

du P �jÝ
,= P
T
P = I ,ùp I �ü Ý
,2d U �´jÝ
��

DD = D
T
D = U−1PU

T
U−1PU = U

T
P
T

(U
−1

)TU−1PU = U
T
U = I.

¤±é?¿ 1 ≤ i ≤ n, αiαi = 1, =Eê αi ��� 1, l
Eê βi ���

´ 1, � βi = β−1i , dd�� E = E−1. - Q = UEU−1, Kw, Q �_�k

Q = UEU
−1

= UEU−1,q Q−1 = UE
−1
U−1 = UEU−1,¤±

QQ−1 = (UEU−1)2 = UE2U−1 = UDU−1 = P.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)

2
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Ê! (�K 15©) � α > 1,y²:
�©

µ�<

(1)
∫ +∞

0

dx

∫ +∞

0

e−t
αx sinx dt =

∫ +∞

0

dt

∫ +∞

0

e−t
αx sinx dx.

(2)O�
∫ +∞

0

sinx3 dx ·
∫ +∞

0

sinx
3
2 dx.

)))���. (1) y²: éu s > 0±9 0 6 a < b 6 +∞,·�k∫ b

a

e−sx sinx dx = Im

∫ b

a

e−(s−i)x dx = Im
e−(s−i)a − e−(s−i)b

s− i

=
se−sa sin a− se−sb sin b+ e−sa cos a− e−sb cos b

s2 + 1
. (1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

d (1), ∫ +∞

0

dt

∫ +∞

0

e−t
αx sinx dx =

∫ +∞

0

1

t2α + 1
dt

Âñ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

?� A > ε > 0,dWeierstrass�O{,
∫ +∞

0

e−t
αx sinx dt'u x ∈ [ε, A]�

�Âñ,Ïd,(Ü (1),∣∣∣ ∫ A

ε

dx

∫ +∞

0

e−t
αx sinx dt−

∫ +∞

0

dt

∫ +∞

0

e−t
αx sinx dx

∣∣∣
=

∣∣∣ ∫ +∞

0

dt

∫ A

ε

e−t
αx sinx dx−

∫ +∞

0

dt

∫ +∞

0

e−t
αx sinx dx

∣∣∣
6

∣∣∣ ∫ +∞

0

(∣∣∣ ∫ +∞

A

e−t
αx sinx dx

∣∣∣+
∣∣∣ ∫ ε

0

e−t
αx sinx dx

∣∣∣) dt
6

∣∣∣ ∫ +∞

0

|tαe−tαA sinA+ e−t
αA cosA|+ | − tαe−tαε sin ε+ 1− e−tαε cos ε|

t2α + 1
dt

6
∣∣∣ ∫ +∞

0

(
e−t

αA + | sin ε|+ |1− e−tαε cos ε|
) tα + 1

t2α + 1
dt.

|^��Âñ5,½��Âñ½n,��∫ +∞

0

dx

∫ +∞

0

e−t
αx sinx dt =

∫ +∞

0

dt

∫ +∞

0

e−t
αx sinx dx.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)
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(2) éu α > 1,±9 x > 0,k∫ +∞

0

e−t
αx dt =

1

α
x−

1
α

∫ +∞

0

s
1
α
−1e−s ds =

1

α
x−

1
αΓ
( 1

α

)
.

±9 ∫ +∞

0

1

tα + 1
dt =

1

α

∫ 1

0

s
(1

s
− 1
) 1
α
−1 1

s2
ds

=
1

α
B(1− 1

α
,

1

α

)
=

π

α sin(π
α

)
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (11©)

l
 ∫ +∞

0

sinxα dx =
1

α

∫ +∞

0

x
1−α
α sinx dx

=
1

(α− 1)Γ
(
1− 1

α

) ∫ +∞

0

dx

∫ +∞

0

e−t
α−1
α x sinx dt

=
1

(α− 1)Γ
(
1− 1

α

) ∫ +∞

0

dt

∫ +∞

0

e−t
α−1
α x sinx dx

=
1

(α− 1)Γ
(
1− 1

α

) ∫ +∞

0

1

t
2α
α−1 + 1

dt

=
π

2αΓ
(
1− 1

α

)
sin (α−1)π

2α

=
1

α
Γ
( 1

α

)
sin

π

2α
.

����∫ +∞

0

sinx3 dx ·
∫ +∞

0

sinx
3
2 dx =

1

3
Γ
(1

3

)
sin

π

6
· 2

3
Γ
(2

3

)
sin

π

3
=
π

9
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

555: �±|^1�.­�È©O�,éu α > 1,3± 0�º:�I/«�

D :=
{
reiθ
∣∣r > 0, θ ∈ (0, β)

}
S,½Â Ln zXe:

Ln (reiθ) = ln r + iθ, ∀ reiθ ∈ D,

Ù¥ β = π
2α

. K´� Ln z�±ëY/r½Â�ò�� D�>.. q´�,3 D

S¤á Ln z3 DS)Û.

9



- zα := eαLn z, (z ∈ D),K eiz
α
3 DS)Û3 DþëY.

?� R > 0,�Ä DR := BR(0) ∩D,K
∫
∂DR

eiz
α
dz = 0. dd=�∫ R

0

eix
α

dx =

∫ R

0

eir
αeiαβeiβ dr −

∫ β

0

eiR
αeiαθ iReiθ dθ

= eiβ
∫ R

0

e−r
α sin(αβ)eir

α cos(αβ) dr − i
∫ β

0

Re−R
α sin(αθ)eiR

α cos(αθ)eiθ dθ

= e
πi
2α

∫ R

0

e−r
α

dr − i
∫ π

2α

0

Re−R
α sin(αθ)eiR

α cos(αθ)eiθ dθ.

´�k~ê C > 0¦�∣∣∣i ∫ π
2α

0

Re−R
α sin(αθ)eiR

α cos(αθ)eiθ dθ
∣∣∣

6
∣∣∣ ∫ π

2α

0

Re−R
α sin(αθ) dθ

∣∣∣ 6 ∣∣∣ ∫ π
2α

0

Re−CR
αθ dθ

∣∣∣ 6 1

CRα−1 .

u´,�� ∫ +∞

0

eix
α

dx = e
iπ
2α

∫ +∞

0

e−r
α

dr =
1

α
Γ
( 1

α

)
e
iπ
2α .

10
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�
�� 8! (�K 20 ©) � f, g � R þ��KëY�
�©

µ�<

�¼ê, ÷v: ∀x ∈ R, ¤á f ′(x) > 6 + f(x) − f 2(x),

g′(x) 6 6 + g(x)− g2(x). y²:

(1) ∀ ε ∈ (0, 1)±9 x ∈ R,�3 ξ ∈ (−∞, x)¦� f(ξ) > 3− ε.
(2) ∀x ∈ R,¤á f(x) > 3.

(3) ∀x ∈ R,�3 η ∈ (−∞, x)¦� g(η) 6 3.

(4) ∀x ∈ R,¤á g(x) 6 3.

)))���. (1) ?� ε ∈ (0, 1)±9 x ∈ R,e(ØØý,K f(t) 6 3− ε (∀ t 6 x). Ïd,

f ′(t) > 6 + f(t)− f 2(t) = (3− f(t))(2 + f(t)) > 2ε, ∀ t 6 x.

u´

f(x)− f(t) > 2ε(x− t), ∀ t 6 x.

l
 lim
t→−∞

f(t) = −∞. � f �Kgñ.

Ïd,�3 ξ < x¦� f(ξ) > 3− ε.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

(2) ?� x ∈ R,dëY5,·���y²é?Û ε ∈ (0, 1),¤á f(x) > 3− ε.

d (1),�3 ξ < x¦� f(ξ) > 3− ε. - h(t) = f(t)− (3− ε),·�k

h′(t) = f ′(t) > (3− f(t))(2 + f(t)) > −(2 + f(t))h(t), ∀ t ∈ R.

P F (t) =
∫ t
0
(2 + f(s)) ds,K(

eF (t)h(t)
)′

= eF (t)
(
h′(t) + (2 + f(t))h(t)

)
> 0, ∀ t ∈ R.

Ïd,

eF (x)h(x) > eF (ξ)h(ξ) > 0.

Ïd, h(x) > 0. = f(x) > 3− ε.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

(3) ?� x ∈ R,e(ØØý,K g(t) > 3 (∀ t < x). Ïd,

g′(t) 6 6+g(t)−g2(t) = −(g(t)−3)2−5(g(t)−3) 6 −(g(t)−3)2, ∀ t < x.

u´
g′(t)

(g(t)− 3)2
6 −1, ∀ t 6 x.

11



Ø�ªü>3 [t, x]þÈ©,��

1

g(t)− 3
− 1

g(x)− 3
6 t− x, ∀ t < x.

?


− 1

g(x)− 3
6 t− x, ∀ t < x.

3þª- t→ −∞=�gñ. Ïd,�3 η ∈ (−∞, x)¦� g(η) 6 3.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (17©)

(4) ?� x ∈ R,d (3),�3 η ∈ (−∞, x)¦� g(η) 6 3. ·�k

(g(t)− 3)′ 6 −(g(t)− 3)(2 + g(t)), ∀ t ∈ R.

Ïd,(
eG(t)(g(t)−3)

)′
= eG(t)

(
(g(t)−3)′+(2+g(t))(g(t)−3)

)
6 0, ∀ t ∈ R,

Ù¥ G(t) =
∫ t
0
(2 + g(s)) ds. l


eG(x)(g(x)− 3) 6 eG(η)(g(η)− 3) 6 0.

Ïd, g(x) 6 3. . 2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)
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