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(êêêÆÆÆ Baaa, 2021c)
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555¿¿¿:
1. ¤k�KÑL�3IO�K�þ,�3�Áò½Ù§�þþÃ�.

2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

3. X�K�xØ
,��3���¡,¿I²KÒ.

�!(�K 15©) �¥¡ S : x2 + y2 + z2 = 1,¦±
�©

µ�<

: M0(0, 0, a)(a ∈ R, |a| > 1)�º:�� S ���I¡�

§.

)))���. ))){{{���µµµ
� L�Lº: M0(0, 0, a),��� ~s = (l,m, n),� S ���I¡þ�?¿�^

1�,Kéu Lþ?¿�:M(x, y, z), L��§�±L«�

x− 0

l
=
y − 0

m
=
z − a
n

,

Ù¥ l,m, n ∈ RØ��". � L�ëê�§�
x = lt,

y = mt,

z = a+ nt,

(1)

Ù¥ t ∈ R�ëê.

ò���ëê�§ (1)�\ S ¥��

(l2 +m2 + n2)t2 + 2ant+ a2 − 1 = 0.

d�� L�¥¡ S ���^���

(2an)2 − 4(l2 +m2 + n2)(a2 − 1) = 0,

1



½=

(l2 +m2)a2 = (l2 +m2 + n2). (2)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

d (1)Ú (2)��ëê t��I¡�§

(a2 − 1)(x2 + y2)− (z − a)2 = 0,

Ù¥ |a| > 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

))){{{���µµµ

� O(0, 0, 0) �¥%�I, M(x, y, z) ��I¡�¥¡��:, �º�� α =

∠(
−−−→
M0O,

−−−→
M0M),Kk sinα = 1

|a| .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©)

5¿�

cos2 α =
|
−−−→
M0O ·

−−−→
M0M |2

|
−−−→
M0O|2|

−−−→
M0M |2

, cos2 α = 1− sin2 α,

��
(z − a)2

x2 + y2 + (z − a)2
=
a2 − 1

a2
,

=

(a2 − 1)(x2 + y2)− (z − a)2 = 0,

Ù¥ |a > 1|.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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�� �!(�K 15©) � B ⊂ Rn (n ≥ 2)´ü m¥§
�©

µ�<

¼ê u, v3 B þëY,3 B S��ëY��,÷v
−∆u− (1− u2 − v2)u = 0, x ∈ B,

−∆v − (1− u2 − v2)v = 0, x ∈ B,

u(x) = v(x) = 0, x ∈ ∂B,

Ù¥, x = (x1, x2, . . . , xn), ∆u =
∂2u

∂x21
+
∂2u

∂x22
+ · · · + ∂2u

∂x2n
, ∂B L« B �>.. y²:

u2(x) + v2(x) ≤ 1 (∀x ∈ B).

yyy²²². P w = w(x) = u2(x) + v2(x),K w÷v¯K−∆w − 2(1− w)w = −2(|∇u|2 + |∇v|2), x ∈ B,

w(x) = 0, x ∈ ∂B.
(1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

w,§w(x) ∈ C2(B)
⋂
C(B). ¤±§w(x)7,3 B þ�����.����

:� x1.

e x1 ∈ B,K ∇w(x1) = 0, −∆w(x1) ≥ 0. u´d£1¤��,3 x1?§

0 ≤ −∆w ≤ 2(1− w)w − 2(|∇u|2 + |∇u|2) ≤ 2(1− w)w.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)


 w(x1) ≥ 0,�þªL² w(x1) ≤ 1.

e x1 ∈ ∂B,Kd£1¤§w(x1) = 0.

nÜ�§ðk 0 ≤ w ≤ 1, x ∈ B.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

2

3



n!(�K 15 ©) � f(x) = x2021 + a2020x
2020 +

�©

µ�<

a2019x
2019 + · · · + a2x

2 + a1x + a0 ��Xêõ�ª, a0 6= 0.

�é?¿ 0 ≤ k ≤ 2020k |ak| ≤ 40,y²: f(x) = 0��Ø

�U��¢ê.

yyy²²². � f(x) = 0 � 2021 ��©O� x1, x2, . . . , x2021. du a0 6= 0, ¤± xi 6= 0,

1 ≤ i ≤ 2021. e x1, x2, . . . , x2021Ñ´¢ê,d CauchyØ�ªk
2021∑
i=1

x2i ·
2021∑
i=1

1

x2i
≥

(
2021∑
i=1

xi ·
1

xi

)2

= 20212.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

d Vieta½n,
2021∑
i=1

xi = −a2020,
∑

1≤i<j≤2021

xixj = a2019,

dd��

2021∑
i=1

x2i =

(
2021∑
i=1

xi

)2

− 2
∑

1≤i<j≤2021

xixj = a22020 − 2a2019.

5¿� 1
x1
, 1
x2
, . . . , 1

x2021
´õ�ª

g(x) = x2021f

(
1

x

)
= a0x

2021 + a1x
2020 + a2x

2019 + · · ·+ a2019x
2 + a2020x+ 1

��.UYd Vieta½n,
2021∑
i=1

1

xi
= −a1

a0
,

∑
1≤i<j≤2021

1

xi
· 1

xj
=
a2
a0
,

¤±
2021∑
i=1

1

x2i
=

(
2021∑
i=1

1

xi

)2

− 2
∑

1≤i<j≤2021

1

xi
· 1

xj
=
a21
a20
− 2a2

a0
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

Ï�é?¿ 0 ≤ k ≤ 2020k |ak| ≤ 40,q a0��"�ê,� |a0| ≥ 1,¤±
2021∑
i=1

x2i ·
2021∑
i=1

1

x2i
= (a22020−2a2019)

(
a21
a20
− 2a2

a0

)
≤ (402+2·40)(402+2·40) = 16802,

gñ. y. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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�� o! (�K 20©)� R = {0, 1,−1}, S � R þ� 3
�©

µ�<

�1�ª�N, = S = {det(aij)3×3|aij ∈ R}. y²µS =

{−4,−3,−2,−1, 0, 1, 2, 3, 4}.

)))���. Äk§ÏL��u���∣∣∣∣∣∣∣∣
0 0 0

0 0 0

0 0 0

∣∣∣∣∣∣∣∣ = 0,

∣∣∣∣∣∣∣∣
1 0 0

0 1 0

0 0 1

∣∣∣∣∣∣∣∣ = 1,

∣∣∣∣∣∣∣∣
1 0 0

0 1 −1

0 1 1

∣∣∣∣∣∣∣∣ = 2,

∣∣∣∣∣∣∣∣
1 −1 0

1 1 −1

0 1 1

∣∣∣∣∣∣∣∣ = 3,

∣∣∣∣∣∣∣∣
1 1 1

1 −1 1

1 1 −1

∣∣∣∣∣∣∣∣ = 4.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

Ùg§du��ü1§1�ª�UCÎÒ§Ïdk Γ ⊇ {−4,−3,−2,−1, 0, 1, 2, 3, 4}.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

1n§·�y²: ∀(aij)3×3, aij ∈ R,ok| det(aij)| 6 4.

¯¢þ§dé��{K��

det(aij) = a11a22a33 + a12a23a31 + a13a32a21 − a13a22a31 − a12a21a33 − a11a32a23

P

b1 = a11a22a33, b2 = a12a23a31, b3 = a13a32a21,

b4 = −a13a22a31, b5 = −a12a21a33, b6 = −a11a32a23.

��*	��µz�aij 3ü� b1, b2, b3, b4, b5, b6¥�Ñyüg§�

b1b2b3b4b5b6 = −a211a212a213a221a222a223a231a232a233.

Ïdá=��µek,� aij = 0, K b1, . . . , b6 ¥��kü�� 0§l


| det(aij)| 6 4. 1ez�aij ÑØ�u 0,Kd aij = ±1� b1, . . . , b6�È = −1§

l
��k�� bi � −1§Ó����k�� bj � 1§ÄK� b1b2b3b4b5b6 =

−1gñ. (J bi� bj p�-�§Ek | det(aij)| 6 4.

�d§nþ¤�§Γ = {−4,−3,−2,−1, 0, 1, 2, 3, 4}§Γ�d 9���¤|¤.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)
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Ê! (�K 15©) �¼ê f 3 [−1, 1]Sk½Â§3
�©

µ�<

x = 0�,��SëY��,�lim
x→0

f(x)

x
= a > 0. y²µ?

ê

∞∑
n=1

(−1)nf
( 1

n

)
Âñ,

∞∑
n=1

f
( 1

n

)
uÑ.

yyy²²². d lim
x→0+

f(x)

x
= a > 0,� lim

x→0+
f(x) = 0"q f(x)3 x = 0�,��SëY�

�§K f(0) = lim
x→0+

f(x) = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3©)

u´ 0 < a = lim
x→0+

f(x)

x
= lim

x→0+

f(x)− f(0)

x
= f ′(0). du f ′(x)3 x = 0�,

��SëY§�3�ê δ > 0,¦� ∀x ∈ [0, δ],k f ′(x) > 0Ïd,3 [0, δ]þ

f(x)üNO\.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

u´�3��ê N > 1
δ
§� n > N �, f

( 1

n

)
> 0 � f

( 1

n

)
> f

( 1

n+ 1

)
. d

lim
x→0+

f(x) = 0§� lim
N→∞

f
( 1

n

)
= 0,�

∞∑
n=N

(−1)nf
( 1

n

)
���?ê§d4ÙZ[

�O{§?ê

∞∑
n=N

(−1)nf
( 1

n

)
Âñ§�?ê

∞∑
n=1

(−1)nf
( 1

n

)
Âñ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

du?ê

∞∑
n=1

1

n
uÑ,
 lim

n→∞

f
(
1
n

)
1/n

= a > 0,�
∞∑
n=1

f
( 1

n

)
uÑ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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�� 8! (�K 20©) � f(x) = ln
∞∑
n=1

enx

n2
. y²¼ê f

�©

µ�<

3 (−∞, 0)S�î�à�§¿�é?¿ ξ ∈ (−∞, 0),�3

x1, x2 ∈ (−∞, 0)¦�

f ′(ξ) =
f(x2)− f(x1)

x2 − x1
.

(¡ (a, b)S�¼ê S �î�à�,XJé?Û α ∈ (0, 1),±9 x, y ∈ (a, b), x 6= y¤á

S(αx+ (1− α)y) < αS(x) + (1− α)S(y).)

yyy²²². P g(x) =
∞∑
n=1

enx

n2
. ·�k

f ′(x) =
g′(x)

g(x)
, f ′′(x) =

g′′(x)g(x)− (g′(x))2

g2(x)
.

qÏ�

g′(x) =
∞∑
n=1

enx

n
, g′′(x) =

∞∑
n=1

enx.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

u´,d HölderØ�ª,

g′′(x)g(x)− (g′(x))2 =

(
∞∑
n=1

enx

)(
∞∑
n=1

enx

n2

)
−

(
∞∑
n=1

enx

n

)2

> 0,

l
¼ê f(x)�î�à�.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

P h(x) = f(x)−(f(ξ)+f ′(ξ)(x−ξ)).K h′′(x) > 09 h′(ξ) = h(ξ) = 0.u´¼ê

h(x)3 (−∞, ξ)þî�4~,3 (ξ, 0)þî�O\. ?� a ∈ (−∞, ξ), b ∈ (ξ, 0).

K h(a) > 0, h(b) > 0. � c ∈ (0,min{h(a), h(b)}),K�3 x1 ∈ (a, ξ), x2 ∈ (ξ, b)

¦� h(x1) = h(x2) = c.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (16©)

u´

0 = h(x2)−h2(x1) = f(x2)− (f(ξ)+f ′(ξ)(x2− ξ))−f(x1)+f(ξ)+f ′(ξ)(x1− ξ)
= f(x2)− f(x1)− f ′(ξ)(x2 − x1)
u´

f ′(ξ) =
f(x2)− f(x1)

x2 − x1
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)
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