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555¿¿¿:
1. ¤k�KÑL�3�Áò�½��K«�S.

2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

�! (�K 15©)�V�V¡ S : x2 + y2 − z2 = −2. P
�©

µ�<

±M0(1, 1,−1)�º:�� S �þ��

S+ =
{

(x, y, z) ∈ S
∣∣z ≥ √2

}
���¤k���¤�I¡� Σ.

(1)¦I¡ Σ��§; (2)¦ S+ ∩ Σ¤3²¡ π��§.

)))���. 1. �Lº: M(1, 1,−1),���þ� (l,m, n)����ëê�§�

L :


x− 1 = lt,

y − 1 = mt,

z + 1 = nt.

(1)

ò (1)�\ S ��§��

(1 + lt)2 + (1 +mt)2 − (−1 + nt)2 + 2 = 0.

= (
l2 +m2 − n2

)
t2 + 2(l +m+ n)t+ 3 = 0. (2)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

Q, L� S ��,d (2)Kk

4(l +m+ n)2 − 12
(
l2 +m2 − n2

)
= 0.

1



=

l2 +m2 − 2n2 − lm− ln−mn = 0. (3)

(Ü (1)� (3),��ëê t��I¡�§

(x−1)2 +(y−1)2−2(z+1)2− (x−1)(y−1)− (x−1)(z+1)− (y−1)(z+1) = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©)

2. éu?¿�M1(x1, y1, z1) ∈ S+ ∩ Σ,�M(x, y, z)´ë�M0 �M1 ���

þ?¿�:,¿�
−−−→
M1M = t

−−−−→
M0M1,Ù¥ t�ëê. u´k
x− x1 = t(x1 − 1),

y − y1 = t(y1 − 1),

z − z1 = t(z1 + 1).

(4)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

ò (4)� S+��§éáKk

(x1(1 + t)− t)2 + (y1(1 + t)− t)2 − (z1(1 + t) + t)2 + 2 = 0. (5)

|^ x21 + y21 − z21 = −2,d (5)��

(−1− 2x1 − 2y1 + 2z1) t
2 − 2(x1 + y1 + z1 + 2)t = 0. (6)

duM1(x1, y1, z1)´�:,Ïdk x1 + y1 + z1 + 2 = 0,Ïd¤¦�²¡ π��

§�

x+ y + z + 2 = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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��� �! (�K 15©) � s > 0,
�©

µ�<

ϕ(s) =

∫ +∞

0

ln(1 + sx2)

x(1 + x2)
dx.

¦ ϕ(1)Ú ϕ(2).

)))���. ·�k lim
x→0+

ln(1 + x)√
x

= 0, lim
x→+∞

ln(1 + x)√
x

= 0. Ïd,k~ê C > 0,¦�

ln(1 + x) 6 C
√
x, ∀x > 0.

l,

ln(1 + sx2)

x(1 + x2)
6 C

√
s

1 + x2
, ∀x > 0, s > 0.

Ïd,2ÂÈ©
∫ +∞

0

ln(1 + sx2)

x(1 + x2)
dx'u s ∈ [0,+∞)S4��Âñ. ? ϕ3

[0,+∞)þëY.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

,��¡,d

x

(1 + x2)(1 + sx2)
6

1

2
√
s(1 + x2)

, ∀x > 0, s > 0

��,È©
∫ +∞

0

ln(1 + sx2)

x(1 + x2)
dx/ª¦�����È©

∫ +∞

0

x

(1 + x2)(1 + sx2)
dx

'u s ∈ (0,+∞)S4��Âñ. Ïd, ϕ3 (0,+∞)SëY���

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

ϕ′(s) =

∫ +∞

0

x

(1 + x2)(1 + sx2)
dx

=
1

1− s

∫ +∞

0

( x

1 + x2
− sx

1 + sx2

)
dx

=
1

2(1− s)
ln

1 + x2

1 + sx2

∣∣∣+∞
x=0

= − ln s

2(1− s)
.

(þª� s = 1�n)��A�4�,½Ø���Ä s 6= 1��/)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)
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(Ü ϕ(0) = 0,��

ϕ(1) =−
∫ 1

0

ln s

2(1− s)
ds = −

∫ 1

0

ln(1− s)
2s

ds

=− lim
ε→0+

∫ 1−ε

0

ln(1− s)
2s

ds = lim
ε→0+

∫ 1−ε

0

∞∑
n=1

sn−1

2n
ds

= lim
ε→0+

∞∑
n=1

∫ 1−ε

0

sn−1

2n
ds = lim

ε→0+

∞∑
n=1

(1− ε)n

2n2

=
∞∑
n=1

1

2n2
=
π2

12
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

Ón,

ϕ(2) =−
∫ 2

0

ln s

2(1− s)
ds = −

∫ 1

−1

ln(1− s)
2s

ds

=− lim
ε→0+

∫ 1−ε

−(1−ε)

ln(1− s)
2s

ds = lim
ε→0+

∫ 1−ε

−(1−ε)

∞∑
n=1

sn−1

2n
ds

= lim
ε→0+

∞∑
n=1

∫ 1−ε

−(1−ε)

sn−1

2n
ds = lim

ε→0+

∞∑
n=0

(1− ε)2n+1

(2n+ 1)2

=
∞∑
n=0

1

(2n+ 1)2
=
π2

8
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

555. O�¥kõ«Ù§�{,~X,�|^∫ 1

0

ln(1 + s)

s
ds =

∫ 1

0

ln(1− s2)− ln(1− s)
s

ds

=

∫ 1

0

ln(1− s)
2s

ds−
∫ 1

0

ln(1− s)
s

ds = −
∫ 1

0

ln(1− s)
2s

ds;

∫ 1

0

ln(1− s)
s

ds = lim
β→1−

lim
α→0+

∫ 1

0

(1− s)α ln(1− s)
sβ

ds

= lim
β→1−

lim
α→0+

d

dα

∫ 1

0

(1− s)α

sβ
ds.
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�©

µ�<
A =


a11 a12 a13

a21 a22 a23

a31 a32 a33


�¢ê� Rþ� 3× 3Ø�_�
. e A���Ý
 A∗�

A∗ =


a211 a212 a213

a221 a222 a223

a231 a232 a233

 ,

¦ A.

)))���. (1)dÝ
 AØ�_� rank(A∗) = 0½ 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3©)

(2)e rank(A∗) = 0,Kw,k A∗ = 0,? A = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

(3)e rank(A∗) = 1,K A∗�?Û 2�fª�� 0. AO/k∣∣∣∣∣ a211 a212

a221 a222

∣∣∣∣∣ = 0,

∣∣∣∣∣ a221 a222

a231 a232

∣∣∣∣∣ = 0,

∣∣∣∣∣ a211 a212

a231 a232

∣∣∣∣∣ = 0.

u´�� 
a11a22 = ±a12a21,
a21a32 = ±a22a31,
a12a31 = ±a11a32.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

XJþ¡n��ª¥k,��ª��Ò¤á,Ø�� a11a22 = a12a21,u´ Ak

fª ∣∣∣∣∣ a11 a12

a21 a22

∣∣∣∣∣ = 0,

§´Ý
 A ¥�� a33 ��ê{fª, d��Ý
 A∗ �½Â�� a233 = 0,

= a33 = 0. XJþ¡n��ª¥z��ªÑy�Ñ´KÒ,KòTn��ª�

�mü>©O�¦�

a11a22a21a32a12a31 = −a11a22a21a32a12a31,

5



l a11, a12, a21, a22, a31, a32¥��k��� 0. o� A∗��k����´ 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)

Ø�� a211 = 0. e A∗ �1��Ø�� 0, Kd rank(A∗) = 1� A∗ �1��

Ú1n���d A∗ �1���5LÑ,� A∗ �1�1���Ü� 0. l A∗

k��1���� 0 ½k������� 0. �A/, A �k��1���

� 0 ½k������� 0. Ø�� A �1�1���� 0, d� A �Ù§

����ê{fª�� 0, � a222 = a223 = a232 = a233 = 0. ùL²3Ý
 A ¥

k a22 = a23 = a32 = a33 = 0, ¤±Ý
 A ��� a12 Ú a13 ��ê{fªÑ

´ 0,d A∗�½Â�� a221 = a231 = 0,ù�� A∗ = 0,� rank(A∗) = 1gñ. �

·�ok A = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)

6



6
¶

:
O
�
y
Ò

:
¤
3
�
�

:
�
|
Ò

:
�
 
Ò

:
;
�

:

���

����
µ
�

�
K
�
Ø
�
�
L
d
�

���

��� o! (�K 15 ©) Ù�¢ê� R þ���õ�ª8
�©

µ�<

Ü R[x] 3õ�ª\{Úê¦e�¤ R þ����5�
m. � fi(x) ∈ R[x]�gê� ni, 1 ≤ i ≤ 2024,ùp5½"

õ�ª�gê� −∞,®�

2024∑
i=1

ni < 2047276,

y²: f1(x), f2(x), · · · , f2024(x)��m R[x]¥�5�'��þ|.

yyy²²². P�þ| f1(x), f2(x), · · · , f2024(x)��þ| (I),e�þ| (I)¥k"õ�ª 0,

=�¹ R[x] ¥�"�, Kw,�þ| (I) �5�'. e�þ| (I) ¥z�õ�

ªÑ´�"õ�ª, K�þ| (I) ¥�½kü�gê�Ó�õ�ª. ¯¢þ,

e n1, n2, · · · , n2024 üüØÓ, Ø���5�b� n1 < n2 < · · · < n2024. u

´ ni > i− 1,?

2024∑
i=1

ni >
2024∑
i=1

(i− 1) =
2023× 2024

2
= 2047276,

gñ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

du�þ| (I)¥�3gê�Ó�ü�õ�ª,Ø�� ni = nj = n, j > i,�k

fi(x) = axn + · · · , fj(x) = bxn + · · · ,

Ù¥ a, b 6= 0.- g(x) = fi(x)− a
b
fj(x),Kw,k�þ| (I)��þ| (II):

f1(x), · · · , fi−1(x), g(x), fi+1(x), · · · , fj(x), · · · , f2024(x)

�d.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

5¿� degg(x) < degfi(x), ��þ| (II) ¥õ�ª�gê�Ú�u
2024∑
i=1

ni <

2047276. aq/, �þ| (II) ¥�½k"õ�ª½ökü�gê�Ó�õ�

ª,l�þ| (II)�5�'½ö����þ| (II)�d��þ| (III)��þ

| (III) ¥õ�ªgê�Ú�u�þ| (II) ¥õ�ª�gê�Ú, qd�þ|

7



�d�D45´��þ| (III)��þ| (I)�d. EcãL§, z�ÚÑ�

±������c�þ|�d��þ|¦�ÙeØ�¹"õ�ª�Ù¥õ�

ª�gê�Ú�$, ù�L§��?1e�, ��·��±����þ| (I)

�d��þ| (IV),Ù¥�õ�ª�gê�Ú < 0. dd���þ| (IV)¥�

½�¹"õ�ª, ¤±�þ| (IV) 3 R[x] ¥�5�'. d�d5, �þ| (I),

= f1(x), f2(x) · · · , f2024(x),3 R[x]¥�5�'.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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�©

µ�<

∞∑
n=2

(−1)n

n+ (−1)[
√
n]

,
∞∑
n=2

(−1)n√
n+ (−1)[

√
n]

,

Ù¥ [x]L« x��êÜ©.

)))���. I.d Leibniz�O{,?ê
∞∑
n=2

(−1)n

n
Âñ. 

∣∣∣ (−1)n

n+ (−1)[
√
n]
− (−1)n

n

∣∣∣ =
1

n
(
n+ (−1)[

√
n]
) 6

1

n(n− 1)
, ∀n > 2.

Ïd,
∞∑
n=2

( (−1)n

n+ (−1)[
√
n]
− (−1)n

n

)
ýéÂñ. l

∞∑
n=2

(−1)n

n+ (−1)[
√
n]
Âñ. w,,

§Ø´ýéÂñ�.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

II.éu1��?ê. Ó�´�§Ø´ýéÂñ�. ·��Ñ±eü«�{y²

ÙÂñ.

���{{{ 1. du?ê����ªu",Ïd,é��ü�\)Ò�ØUCÙÂñ5,

=·���y²?ê
∞∑
n=1

( 1√
2n+ (−1)[

√
2n]
− 1√

2n+ 1 + (−1)[
√
2n+1]

)
Âñ,=

∞∑
n=1

(−1)[
√
2n+1] − (−1)[

√
2n] +

√
2n+ 1−

√
2n(√

2n+ (−1)[
√
2n]
)(√

2n+ 1 + (−1)[
√
2n+1]

)
Âñ. ù��y²

∞∑
n=1

(−1)[
√
2n+1] − (−1)[

√
2n](√

2n+ (−1)[
√
2n]
)(√

2n+ 1 + (−1)[
√
2n+1]

)
Âñ. 5¿� [

√
2k + 1]− [

√
2k] = 1��=��3 m¦� 2k + 1 = (2m + 1)2,

= k = 2m2 + 2m. ·�k

∞∑
n=1

∣∣∣ (−1)[
√
2n+1] − (−1)[

√
2n](√

2n+ (−1)[
√
2n]
)(√

2n+ 1 + (−1)[
√
2n+1]

)∣∣∣
=
∞∑
m=1

2(√
4m2 + 4m+ 1

)
· 2m

< +∞.

Ïd,?ê
∞∑
n=2

(−1)n√
n+ (−1)[

√
n]
^�Âñ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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���{{{ 2. d Leibniz�O{,?ê
∞∑
n=2

(−1)n√
n
Âñ. P S1 = 0, Sn =

n∑
k=2

(−1)k+[
√
k],

K´� |Sn| 6 2 + 2
√
n. ·�k

n∑
k=2

(−1)k+[
√
k]

k
=

n∑
k=2

Sk − Sk−1
k

=
n∑
k=2

Sk
k
−

n∑
k=2

Sk−1
k

=
n∑
k=2

Sk
k
−

n−1∑
k=2

Sk
k + 1

=
Sn
n

+
n−1∑
k=2

Sk
k(k + 1)

, ∀n > 2.

Ïd,?ê
∞∑
n=2

(−1)n+[
√
n]

n
Âñ. ù��y²�?êÂñ,��y²

∞∑
n=2

((−1)n√
n
− (−1)n√

n+ (−1)[
√
n]
− (−1)n+[

√
n]

n

)
Âñ, =

∞∑
n=2

(−1)n+1

n
(√

n+ (−1)[
√
n]
) Âñ. T?ê´ýéÂñ�. Ïd, ?ê

∞∑
n=2

(−1)n√
n+ (−1)[

√
n]
^�Âñ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

555. evk?ØýéÂñ5,Ø�©.

10
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��� 8! (�K 20 ©) (1) � f1(t) = t+3
2
, f2(t) = t+6

3
, {nk}

�©

µ�<

���u {1, 2} ��ê�. - F1(t) = fn1(t), Fk+1(t) =

Fk
(
fnk+1

(t)
)

(k > 1). y²: é?Û x ∈ R,4� lim
k→+∞

Fk(x)

�3�� xÃ'.

(2)eK (1)¥� f1, f2U� f1(t) = t− arctan t, f2(t) = 2 arctan t− t,(ØXÛ?

yyy²²². (1)·�k

f ′1(t) =
1

2
, f ′2(t) =

1

3
, ∀ t ∈ R.

Ïd,d�©¥�½n��∣∣fk(t)− fk(s)∣∣ 6 1

2
|t− s|, ∀ k = 1, 2; t, s ∈ R.

ùL² f1, f2Ñ´Ø N�. §�����ØÄ:TÐÑ´ x̄ = 3.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

u´,?� x ∈ R,éu?Û k > 1,·�k∣∣Fk(x)− 3
∣∣ =
∣∣fn1 ◦ fn2 ◦ · · · ◦ fnk

(x)− fn1(3)
∣∣

6
1

2

∣∣fn2 ◦ · · · ◦ fnk
(x)− 3

∣∣ =
1

2

∣∣fn2 ◦ · · · ◦ fnk
(x)− fn2(3)

∣∣
6 · · · 6 1

2k−1
∣∣fnk

(x)− 3
∣∣ =

1

2k−1
∣∣fnk

(x)− fnk
(3)
∣∣

6
1

2k
|x− 3|.

- k → +∞=� lim
k→+∞

Fk(x) = 3.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

(2)� f1(t) = t− arctan t, f2(t) = 2 arctan t− t�,

f ′1(t) =
t2

1 + t2
, f ′2(t) =

1− t2

1 + t2
, ∀x ∈ R.

Ïd,é?Û t ∈ R,k |f ′1(t)| < 1, |f ′2(t)| 6 1���=� t = 0�,k |f ′2(t)| = 1.

dd(Ü f1(0) = f2(0) = 0�� f1, f2k���ØÄ: x̄ = 0. ?∣∣fk(t)∣∣ 6 |t|, ∀ k = 1, 2; t ∈ R.

y?� x ∈ R, K |Fk(x)| 6 |x| (k > 1). ·��y² lim
k→+∞

Fk(x) = 0. ÄKk

{Fk(x)}�f� {Fmk
(x)}÷v 0 < δ < |Fmk

(x)| 6 |x| (k > 1). ù�, |f ′1|, |f ′2|3
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[ δ
2
, |x|] ∪ [−|x|,− δ

2
]þkþ. ` < 1. d�©¥�½n,é?Û y ∈ [δ, |x|],k

∣∣fk(±y)
∣∣ =
∣∣fk(±y)− fk(±

δ

2
) + fk(±

δ

2
)− fk(0)

∣∣
6
∣∣fk(±y)− fk(±

δ

2
)
∣∣+
∣∣fk(±δ

2
)− fk(0)

∣∣
6`(y − δ

2
) +

δ

2
= `y + (1− `)δ

2

6`y + (1− `)y
2

=
`+ 1

2
y, k = 1, 2.

,��¡,

δ 6|Fmk
(x)| =

∣∣fn1 ◦ fn2 ◦ · · · ◦ fnmk
(x)
∣∣

6
∣∣fnj
◦ fnj+1

◦ · · · ◦ fnmk
(x)
∣∣ 6 |x|, ∀ j = 1, 2, . . . ,mk,

Ïd, ∣∣Fmk
(x)
∣∣ =
∣∣fn1 ◦ fn2 ◦ · · · ◦ fnmk

(x)
∣∣

6
`+ 1

2

∣∣fn2 ◦ · · · ◦ fnmk
(x)
∣∣

6 · · · 6
(`+ 1

2

)mk |x|, k > 1.

- k → +∞� lim
k→+∞

∣∣Fmk
(x)
∣∣ = 0. gñ.

Ïd, lim
k→+∞

Fk(x) = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)

555. 5¿� Fk �½Â�ª, {|Fk(x)− x̄|}Ø��´üNeü�.
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